Maths Circle - Games (Dec 8)

Sunday, December 8, 2024 8:24 AM

Problem 1: Two children take turns breaking up a rectangular
chocolate bar 6 squares wide by 8 squares long. They may break the
bar only along the divisions between the squares. If the bar breaks into
several pieces, they keep breaking the pieces up until only the
individual squares remain. The player who cannot make a break loses
the game. Who will win?
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Problem 2: Two players take turns placing rooks (castles) on a
chessboard so that they cannot capture each other. The loser is
the player who cannot place a castle. Who will win?
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Problem 3: There are three piles of stones: one with 10 stones, one
with 15 stones, and one with 20 stones. At each #urn, a player can
choose one of the piles and divide it into two sphaller piles. The loser
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Problem 4: There are two piles of 7 stones each. At each turn, a
player may take as many stones as he chooses, but only from one



of the piles. The loser is the player who cannot move
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Problem 5: Two players take turns placing kings on the squares of a
8x8 chessbhoard, so that no king can capture another. The player
who is unable to do this loses. (maximum number of moves)
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Problem 6: Two players take turns breaking a piece of chocolate
consisting of 5 x 10 small squares. At each turn, they may break
along the division lines of the squares. The player who first obtains a
single square of chocolate wins.
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Homework:

Games Problem 1: A king is placed on square al of a chessboard. Players take turns moving the
either upwards, to the right, or along a diagonal going upwards and to the right. The player wh
the king on square h8 is the winner.

Games Problem 2: There are two piles of candy. One contains 20 pieces, and the other 21. Play
turns eating all the candy in one pile, and separating the remaining candy into two (not necess:
equal) non-empty piles. The player who cannot move loses.

Games Problem 3: A checker is placed at each end of a strip of squares measuring 1 x 20. Playe
turns moving either checker in the direction of the other, each by one or by two squares. A che
cannot jump over another checker. The player who cannot move loses.
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Maths Circle

Friday, November 22, 2024 5:58 PM

What is Parity?

Parity is ...

Example 1: The figure below shows a set of eleven gears arranged in a chain.
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Example 2: Can a 5 x 5 square checkerboard be covered by 1 x 2 dominoes?

Example 3: Can one make change of 25 rubles, using in all ten bills each having a value of 1, 3, ©
rubles?
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Example 4: Katya and her friends stand in a circle. It turns out that both neighbors of each child
the same gender. If there are five boys in the circle, how many girls are there?

Example 5: Can a knight start at square al of a chessboard, and go to square h8, visiting each of
remaining squares exactly once on the way?

Challenge Problem: Can an ordinary 8 x 8 chessboard be covered with 1 x 2 dominoes so that or
squares al and h8 remain uncovered?
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Maths Circle

Friday, November 22, 2024 5:58 PM

What is Parity?

Parity is term that used to describe whether a number is even or odd.

Even number is divisible by 2, odd number is not divisible by 2
- Parity of 1? Odd parity
- Parity 32? Even parity
- 19237 Odd parity
- -567 Even parity
- 07?even parity

Example 1: The figure below shows a set of eleven gears arranged in a chain.
Can all of the gears rotate simultaneously?




Example 2: Can a 5 x 5 square checkerboard be covered by 1 x 2 dominoes?
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Example 3: Can one make change of@ rubles, using in all ten bills each having a value of 1, 3, ©
rubles?
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Example 4: Katya and her friends stand in a circle. It turns out that both neighbors of each child
the same gender. If there are five boys in the circle, how many girls are there?
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Example 5: Can a knight start at square al of a chessboard, and go to square h8, visiting each of 1
remaining squares exactly once on the way?

Challenge Problem: Can an ordinary 8 x 8 chessboard be covered with 1 x 2 dominoes so that or
squares al and h8 remain uncovered?

Hint: think about the color of the
Squares that are removed

31 white
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Homework:

1,000 x 1,000
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Parity Problem 1: A closed path is made up of 11 line segments. Can one line, not
containing a vertex of the path, intersect each of its segments?

Parity Problem 2: Can we draw a closed path made up of 9 line segments, each of
which intersects exactly one of the other segments?

Parity Problem 3. Three hockey pucks, A, B, and C, lie on a playing field. A hockey player
hits one of them in such a way that it passes between the other two. He does this 25
times. Can he return the three pucks to their starting points?

Miscellaneous Problem 1: A number of bacteria are placed in a glass. One second later
each bacterium divides in two, the next second each of the resulting bacteria divides in
two again, et cetera. After one minute the glass is full. When was the glass half-full?

Miscellaneous Problem 2: Jack tore out several successive pages from a book. The
number of the first page he tore out was 183, and it is known that the number of the
last page is written with the same digits in some order. How many pages did Jack tear
out of the book?

Miscellaneous Problem 3: A caterpillar crawls up a pole 75 inches high, starting from
the ground. Each day it crawls up 5 inches, and each night it slides down 4 inches.

When will it first reach the top of the pole?

Miscellaneous Problem 4: There are 24 pounds of nails in a sack.
Can you measure out 9 pounds of nails using only a balance with

two pans?
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Maths Circle Junior - Algebra

Friday, August 1, 2025 11:09 PM
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Maths Circle Junior - Algebra

Friday, July 4, 2025 11:21 PM

Problem 1:
Solve for x: (x + 3)(x-2) = (x+ 1)(x - 4)
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Problem 2:
If a+b=5andab =6, find a? + b2.
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Problem 3:
Let f(x) = x2 - 4x + 7. Find the minimum value of
f(x).
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Problem 4:

Solve for real x: 2x + V(x + 5) = 10
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Problem 5:
Let x and y be real numbers such thatx+y=4
and x? + y? = 10. Find the value of xy.



Problem 6:
If 37 (x + 1) + 3~(x) = 108, find the value of x.

Problem 7:
Let f(x) =1/ (x + 1). Find f(f(f(1))).



Problem 8:
Find all real solutions to the equation x* - 5x% + 4
=0.

Problem 9:

The sum of two numbers is 12, and the
difference of their squares is 48. Find the two
numbers.



Problem 10:
If a and b are real numbers suchthata+b =3
and a3 + b3 = 63, find the value of ab.



Maths Circle Junior - Algebra

Friday, March 28, 2025 9:16 PM
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1. Quadratic Equation Roots
The roots of the quadratic equation x>-5x+k = 0 are in the ratio 2 3. Find
the value of k.
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2. Exponential Growth
A bacteria colony doubles in size every 3 hours. If it starts with 500

bacteria, how many will there be after 12 hours?
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3. System of Equations
Solve for x + vy if:
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4. Sum of a Sequence
Find the sum of the arithmetic sequence:

2,5,8,...,50
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5. Polynomial Remainder .,
Find the remainder when & x1012 4 x506 1. 1 s divided by x.+ 1.
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6. Functional Equation

A function f satisfies:
f(x +y)=f(x) + f(y) + 2xy for all real numbers x and y, and it is given that

f(1)=3. Find f(5).

7. Absolute Value Equation

Solve for x:
|3x-7|=2x+1 ~
a1 - —(31-7) = ¥\

x= 2 ~2 41 = x|
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8. Geometric Sequence

The first three terms of a geometric sequence are a, b, and ¢, where

a+b+c=21anda, b, c form a geometric sequence with common ratior.
If a =3, find c.

9. Vieta’s Formulas
The roots of the equation x>~7x+12=0 are p and q. Find the value of p?+q?



10. Quadratic Discriminant

For what values of k does the equation 2x?>-4x+k=0 have real and distinct
roots?




Maths Circle Junior - Algebraic Formulas

Friday, July 11, 2025 11:16 PM
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Evaluate: (7 + 3)%- (7 - 3)2
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Problem 2:
If a+b=10and ab =21, find a + b2.
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Problem 3:
Factor completely: x® - 27
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Problem 4:
If x> - 4x + 5 = 0, find the value of x* + 1.

Problem 5:
Let a and b be real numbers such that a2 + b? = 20 and ab = 6. Find (a + b)>.
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Problem 6:
Given that x and y satisfy x + y = 8 and x? + y? = 50, find the value of xy.
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Simplify: (x2-9) / (x - 3)
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Problem 8:
Let x + 1/x = 3. Find x% + 1/x>.
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Problem 9:

If r and s are the roots of the equation x? - 7x + 12 = 0, find r? + s2.
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Maths Circle Junior - Combinatorics

Saturday, March 22, 2025 12:00 AM

Problem 1:
A robot starts at the bottom-left corner of a 3x3 grid and

wants to reach the top-right corner. It can only move right or
up. How many different paths can the robot take?
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Problem 2:

At a party, there are 8 people, and each person shakes hands
with every other person exactly once. How many total

handshakes occur?
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Problem 3:

An ice cream shop offers 6 flavors. You want to buy a double
scoop cone, where both scoops can be the same or different
flavors. How many different double scoop cones can you

order?
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Problem 4:

How many ways can the letters in the word "MATH" be
arranged?
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Problem 5:

A fair coin is flipped 4 times. How many different sequences
of heads and tails are possible?

AxqxaxA = 3" =[1y,

Problem 6:

A club has 10 members, and a 3-person committee needs to
be selected. How mang/ different ways can the committee be

formed? lux%}éf
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Problem 7:

Four friends sit in a row of 4 chairs. If two of them insist on
sitting next to each other, how many different seating

M
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Problem 8:
A set contains 5 elements: {A, B, C, D, E}. How many different
subsets (including the empty set and the full set) can be

formed? . " -
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Problem 9:

A license plate consists of 3 letters followed by 2 digits. If the
letters can be any of the 26 English letters and the digits can
be any of the 10 digits (0-9), how many different license
plates are possible?
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Froplem 10:
A.birthday cake has 7 candles, and each candle can be
either blue, red, or yellow. How many different ways can the

candles be colored?
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Maths Circle Junior - Divisibility and Remainders

Friday, January 3, 2025 10:53 PM

What is a prime number?
nvaoer whch has & divisees: \ and idse\&

What is a composite number?
NuUMber which has more Ywan A disers

Fundamental Theorem of Arithmetic:
Any natural number different from 1 (2,3,4,5....) can be written as
the product of prime number in increasing order
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Problem 1: If a number A is even, is it true that 3A must be divisible
by 6?
even —» dk = A
3= AR F3 - ¢
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Problem 2: Given the numbers A=28-53.-7andB=2>-3-5’find
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Problem 3: Prove that the product of any three consecutive natural
numbers is divisible by 6.
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Problem 4: Find the smallest natural number n such that n! is
divisible by 990.
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Problem 5: Find all solutions in natural numbers of the equations

a)x*-y* =31 Ty b) x2 - y? = 303.
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Problem 6: Prove that the number p3 + 2n is divisible by 3 for any

natural number n. n
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Homework: 5

Divisibility Problem 1: Prove that any two natural numbersaand b
satisfy the equation GCD(a, b) LCM(a, b) =ab.

Divisibility Problem 2: The numbers a and b satisfy the equation 56a =
65b. Prove that a + b is composite.

Divisibility Problem 3: How many zeros are there at the end of the
decimal representation of the number 100!

Miscellaneous Problem 1: Bindu’s bike tires have a radius of 30 cm. She
rides her bike far enough that the tires rotate exactly five times. How
far does Bindu’s bike travel?

Miscellaneous Problem 2: For 30 consecutive days, the daily high
temperature was recorded. On each of the first 25 days, the
temperature recorded was 21°C. On each of the remaining 5 days, the
temperature recorded was 15°C. For the 30 days, the mean (average)
of the temperatures recorded was

Miscellaneous Problem 3: The product of a pair of 2-digit positive
integers is 630. How many such pairs are there?




Maths Circle Junior - Divisibility

Friday, April 25, 2025 11:33 PM

Problem 1: How many positive integers lesS than 1000

are divisible by either 6 or 10 but not bgth?
dwisiole \o\g C=2 16 wonets
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Problem 2: Find the greatest three-digit number that
leaves a remainder of 1 when divided by 2, a remainder
of 2 when divided by 3, and a remainder of 3 vhen
divided by 4.

-\ wmod (A ™\ moed
L QIAIR) ¥ = 15

[000

R

-¥>




Problem 3: What is the smallest positive integer such
that when divided by 7, 8, and 9, the remainder is 6
each time?

Lem (7,9,9) = 504 v\ = 5\

Problem 4: A five-digit number ends in 5 and is divisible
by 15 and 9. What is the smallest possible such number?

Lem (B, ) = 45
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Problem 5: How many four- digit(r:tegers are divisible by
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Problem 6: Find the smallest positive integer n such that
n is divisible by 5, and n + 1 is divisible by 6, and n + 2 is
divisible by 7.

n=S
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Problem 7: How many integers between 1 and 1000 are
divisible by neither 4 nor 6?
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Problem 8: What is the sum of all positive integers less
than 100 that are divisible by both 3 and 77?
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Problem 9: How many three-digit numbers are divisible
by 8 and have all digits distinct?

Problem 10: Let N be the smallest positive number such
that when multiplied by 9, the product is a number
consisting only of the digit 1. Find N.



Maths Circle Junior - Functions (Algebra)

Saturday, January 25, 2025 9:23 AM € () = 5243
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What is a function?
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Problem 1: Which of the following relations are
functions? Give reasons and also find the
domain and range of the function.



(i) f=10,3),(1.5),(23), (2 5)} x

T Y
(i) g=1{(21),(571),(81), NN
£(
EN>3 D

MMJ{.C\,'!»\ (i) D: ,.(iu,ﬁ, R: $3,53%
ont (i) D:x€§F% 53 Ny R

Problem 2: Let f(x) = x2+ 1. Find f(10).
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Problem 3: Is the following a function?
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Problem 4: What is the domain and range for the
function below?
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Problem 5: At what values of the domain is the
function f(x) = x - 2 less than the function
represented in the graph below?




Problem 6: A car's value depreciates each year
by 15%. Which function would best model the
car's value depending on the number of years
the owner has had it?

n
A) Linear £(ny:= w (1= \T';QW
B) Expone@ - % ( 0.%5)

C) Quadratic
D) None of the above
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Maths Circle Junior - Games

Saturday, June 28, 2025 9:30 AM

Problem 1:
Alice and Bob take turns removing 1, 2, or 3 stones from

a pile of 17. Alice goes first. The player who removes the
last stone wins. Who has a winning strategy?

AGce Wi\ wwn
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Problem 2:
Two players take turns choosing distinct integers from 1

to 9. The first player to have any three numbers that sum
to 15 wins. If all numbers are chosen and no one has
won, the game is a draw. Who has a winning strategy?



Problem 3:
In a two-player game, players alternate writing either an

X oran O in a 3x3 grid. The first player to fill an entire
row, column, or diagonal with the same letter wins. If the
grid fills up with no winner, it's a draw. Can the second

player force a win?

Problem 4:
A coin is flipped repeatedly. Alice scores a point when



two heads'a-ppear Eonsecdtively (HH). Bob'scores a point
when the pattern heads-tails-heads (HTH) appears. Who
is more likely to score first?
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Problem 5:

Two players play a game where they start at the number
1. On each turn, a player multiplies the current number
by 2 or 3. The player who reaches or exceeds 100 first
wins. Who has a winning strategy if the first player starts?



Problem 6:
A 5x5 grid is initially empty. Two players take turns

placing either a black or a white stone in an empty
square. A player wins if four stones of their color form a
line. Is it possible for the first player to guarantee a win?

Problem 7:
Players take turns subtracting a square number (1, 4,

9, ...) from a pile of 100 coins. The player who makes the
last move wins. Who has a winning strategy?



Maths Circle Junior - Geometry (Angles)

Sunday, January 19, 2025 9:22 AM

Problem 1: Angle bisector BK is drawn in isosceles
triangle ABC, with angle A equal to 36 degrees. Prove

that BK=BC. A

Problem 2:Prove that the sum of the angles at the
vertices of a five-pointed star equals 180 degrees.

LOFE = 100- B <6k

LA6Y =\ 0-2A 2D

LCaF= (|20 = 2A&D = LALD
LCF(= 180~ LBFE = LBILE

M BICIOYE 120 |
L\




Problem 3: Can two angle bisectors in a triangle be
perpendicular?

wder W assunpHen RBDC =0
L DBC +(BcD= qo

/ ABCHLA o@;ﬁ 22

Problem 4: Chords AB and CD in a circle are parallel.
Prove that AC= BD.

Problem 5: The ratio of three consecutive angles in

- -~ - —






an inscribed quadrilateral 1s 2 : 3 : 4. Find their
values.

Problem 6: Square ABCD is given. A circle with radius
AB and center A is drawn. This circle intersects the
perpendicular bisector of BC in two points, of which
O is the closest to C. Find the value of angle AOC.

Homework Problems:

Problem 1: Cut a square into 5 rectangles in such a
way that no two of them have a complete common
side {but may have some parts of their sides in
common).

Problem 2: Is it possible to draw a closed 8-segment
broken line which intersects each segment of itself
exactlv once?



Maths Circle Junior - Geometry

Friday, December 13, 2024 5:24 PM

Median and centroid of a triangle:
A

mediaw ° verten bo N\'\(}\Poii\\' o‘( \»kc
brpus)-\-e_ st de

centroid: invevseckon of ol mediang

B ' C
Perpendicular bisector and circumcenter:
A bi =&

S

Altitude and orthocenter:

A

Problem 1: Prove that the length of median AM in triangle ABC is greater than o
(AB+ AC - BC)/2. )’ TRIAN 6LE  TNEQVAL 1ty

A







. "
ABracy BC | ae-ncle B
ActBe > AB  |Ac-Beleps
8 ™
A A rnc > A )Ae—ec\d\
8 <

NS T L e - :
AMS Ra-pm  BREC™
+ Am> ke - (M —RH -crt

—((;H FcM)
AAM > AR IR c-BC

Q

Problem 2: In triangle ABC the median AM is longer than half of BC. Prove
that angle BAC is acute. BAc cao’

A ms oS Ta AABN:
& ZBAMFLAMB YL MBA =\2D
AMS AM o A
n AACm:
AM> ™M —
—> ¢ LAMCr/ Mcp+L CAM =\R0
M
8 Ta LABC :
& t S C’.j .
AM--"AB +taAc -8 CABC 4 £BCAYLCAR =190
N 4
LBAMILCAM=2LCAR
Sukdew s selvrion A
‘M
B AM £ RBC Y,
CAM < pCH

BDhe ¢ ABRCYACB

'l-, e QAs s a0 -






psUMe  vMe 2 o

ABCYACR > ‘ig

ABCHMNC® ¥BAC > \$O><m+- rve.
¥ conkradickion,

Problem 3: Prove that ABCD is a convex quadrilateral and AB+ BD < AC
ADSAC- D

4 Ay BD>AD
D AcxcDYAD

——

AAb < ABRFYALHBCLCD

ARrap >hc-cv
c AR\LRO +CDT7AC

QL Homerm®>
Problem 4: Is it possible for some five-pointed star ABCDEFGHIK to satisfy the
inequalities: AB > BC, CD> DE, EF > FG, GH > HI, IK >KA?

AR LD+ EF rGH + 1k < BC + DE +Fayilx¥




 Or



Problem 5: A point is selected on each side of a square. Prove that the

perimeter of the quadrilateral formed by these points is no less than twice
the Tength of the square’s diagonal.

perimerec o qreen q'uuhih\-cm\

D & .
HE < AR }HE
" F EF < BE+BF
GF < Feral
A e © GH < DGt BU
perimetel  perwetres
eaf ler Pre\,e_A, PU"NB\{.r < A'IAJPML':)&&

Ax A'm.%.v\al‘a > p crimetCs



Maths Circle Junior - Homework Problems

Saturday, May 31, 2025 9:31 AM

Problem 1: A ladder 10 feet long leans against a wall and
makes a 60° angle with the ground. How high up the wall
does the ladder reach?

Problem 2: In triangle ABC, angle Cis a right angle, and BC
=12, AC = 5. Find the tangent of angle B.







iV

Yan R = s

Problem 3: In triangle ABC, angle C is a right angle, and
angle Ais 45°. If AC = 7, find the length of AB.

4| T A

Problem 4: In a triangle, one side measures 6, the adjacent
angle is’,"aﬁ'd the hypotenuse is 12. Find the sine of the
angle opposite the side of length 6.

S(n = sine
coS = (_o$'|V\e

Fan = \'ow\c)u\.\'



€OSCL = CoSeeany

Sec = Secanwy

CoXk = CO\—uvws,U\)g



00

0

0

ZA
\X [
I8 sin A
cos A
S PR
b““ \2 ’ 5 tan A
Problem 5:

What is the least integer value of x such that
1/(x+2)>1/(x+1)




30° 45° 60° %°
1 L B
2 V2 2
V3 1 I
2 V2 2 v
I
NG} 1 J3 | not defined




Problem 6:
If a>b >0, prove that
1/a<1/b

Problem 7:

Find all x that satisfy both:
x"2-5x+620

and

x-1<2



Maths Circle Junior - Homework Problems

Friday, February 28, 2025 7:13 PM

Broktem 5 Prove. tuat 27 #6-4T is ahueys divisible oy 7
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3
Powtem. 1 I atorc =0 ; prove that ¥ re = 3aoC

Problem 7: Prove the AM-GM inequality.

Problem 7: Prove that if we decrease by 7 the sum of the
squares of any three natural numbers, then the result
cannot be divisible by 8.



Maths Circle Junior - Inequalities

Friday, January 17, 2025 9:54 PM

Problem 1. Which number is greater: @or

3l“<'_$_'a.:

3'-\"=L1")“ =

,;55< ask
G =
Y

———m™

Uo < \1

— ™
[ 3™
Problem 2. Which number is greater:
a) 2300 or 3200
b) 240 or 328
c) 5% or 433

————

\Qeo \00

=(2‘) = %

- @Y=

: < 3 M = 02y Yy >8
LR Byt
'-\ <3 Sos LA 6
r 1 3 qfu,sw
e w o' )
‘n—

Problem 3: Which number is greater: 1234567 -

1234569 or 123456827
2+ -_—



(D)= 2= < %~ z
1234568

Problem 4: Prove that 2100 + 3100 < 4100

D~l~“' < %\00

o
3 ea <

loe (T o
3 +3 <\

t© -0
2 ' <y

s

(02 )

Problem 5: Prove that 47° < 2100 4 3100 < 480

Problem 6: How many digits does the number
21000 haye?



Problem 7: Prove the AM-GM inequality.



Maths Circle Junior - Miscellaneous

Saturday, August 23, 2025 9:34 AM
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Maths Circle Junior - Miscellaneous

Friday, April 11, 2025 11:28 PM

Problem 1: A positive integer leaves a remainder of 2 when
divided by 5 and a remainder of 3 when divided by 7. What is
the smallest such number?

7,2, 23, ..

’DI@I 2“1"“"'

Problem 2: How many integers between 1 and 1000 are
divisible by neither 2 nor 5?
S 00 S divSible \0‘3, P

PO =D Aisible b\a( 5
(oo —ddsivdle oy 10
SO0 300 \0ov — Lo O —=Jidisite \p\‘ ¥

(ceo —£0D —_E-E)




Problem 3: In how many ways can the letters of the word

SUCCESS be arranged?
Success! o xS P

¥ W &
35 same
2 vt ¥ X 94
\
£k T YdXxtio
VL3
o ' = LR-Ne)

Problem 4: The sum of three consecutive even integers is
222. What is the product of the smallest and largest of these

integers?

Qx+1\¢*3~+ x4 = I

x=3C
ax = 1A
v,

a4 =0

\

(Su7a.l




Problem 5: A jar contains red, blue, and green marbles.
There are 6 red marbles and twice as many blue as green
marbles. If there are 30 marbles in total, how many blue

marbles are there?
yreen— X
bve -~ 2 x

Qrrnrb = H0O

%u.=-3-"(
y

et ]

Problem 6: Let x and y be real numbers such thatx+y =5
and x? + y? = 13. What is the value of xy?

—l"\d.—;s
g
x"l’\u’; (»4) —>*Y
13 - g" -—Q.L\j_

211 =\

(=¢=%]

Problem 7: Two people start at opposite ends of a 100-meter
track and run toward each other. One runs at 5 m/s and the



~l s s Sttt L it me ETET el o e e e w mrie it i il i w i) e et i waa—

other at 3 m/s. How many seconds until they meet?

k ?n/s 3v\\fs_-}\
- —e

lsecond — St3=9%

W

10— \VV _
E _!\as &

Problem 8: A square has side length 10. A second square is
formed by connecting the midpoints of the sides of the
original square. What is the area of the smaller square?

5 5 b& 43+L;L=c"
o

- |

s'v;

5

25 . _
> =95
lx‘t

Problem 9: How many different 4-digit numbers can be
formed using the digits 1 through 6 if repetition_is not
allowed and the number must be even?

————




Problem 10: How many distinct values are there in the set of
all possible products ab where a and b are integers from 1 to
10 inclusive?



Maths Circle Junior - Miscellaneous

Friday, June 20, 2025 11:40 PM

Problem 1: "
The sum of a number and its reciprocal is 5. What is

the minimum possible value of the sum of the
number and its cube?

7('\'—‘—"—‘5
2

'xt-\—\f— B

2-5%a¥\ =0

Problem 2:
The digits of a three-digit number are in arithmetic

progression. If the number is divisible by 9, what is
the sum of all such numbers?

3
135

532%



23y
S
L |3

Problem 3:

What is the smallest positive integer n such that n
leaves a remainder of 3 when divided by 4, a
remainder of 4 when divided by 5, and a remainder
of 5 when divided by 6?

o -\ =@



Problem 4:

A square and a circle have the same area. The side
length of the square is doubled. By what percent
does the area of the new square exceed the area of

the original circle?
- 2 a
("“’ ol J\L \ouv.

2
n <& 1,2
]
4o
= 3o/
Problem 5:

A function f satisfies f(x + 1) = 2 * f(x) and f(0) = 3.
What is the value of f(5)?



Problem 6:

How many different four-letter "words" can be
formed using the letters A, B, C, and D if each letter
can be used more than once and the word must
contain at least one B?



Probiem /:
Find all positive integers x such that x squared plus
19 times x plus 48 is a perfect square.

Problem 8:
The sum of the squares of three consecutive
integers is 365. What is the middle integer?



Problem 9:
How many three-digit integers between 100 and
999 have all digits different and in increasing order?

Problem 10:

A set of five consecutive positive integers has a
product divisible by 120. What is the smallest
possible value of the smallest number in the set?



Maths Circle Junior - Miscellaneous

Friday, April 4, 2025 11:39 PM

Problem 1: A cube has all of its faces painted. It is
then cut into 64 smaller, equal-sized cubes. How
many of the small cubes have exactly two painted

faces?

quxw
<«
D

AA \
L O

Problem 2: Alan_writes down five consecutive
he sum of the squares of the first X
and last numbers is 458. What is the middle number?
leX (L Swmaligr wwwber 0L L

2 'S
A+ (2¥4) = 45

1> F o r8xtb =U5e

A +R1-442A=0



1 Fd% =221 = 0

%= |3 or -%

ﬂ#ﬁ‘tﬁlﬁ%‘:’?\‘r‘@&?ﬂg‘ﬁ@ece of paper measures 8

inches by 15 inches. It is rolled up so that the two
shorter sides meet to form a cylinder. What is the
volume of the cylinder?

2 ndn > inc\n

CwreomEenee = |\S \/

redivs = i _._._’,i
T T

&
volume = T\ < rc(“-_f)( A= 4So
n Y

Problem 4: How many integers between 100 and 999
have digits that sum to 24?

(1,42 (,8N(E39)

T 11

2+ L+ 1 FNO



Problem 5: A pizza was cut Into 12 equal slices. Jenny
ate one-third of them, Carlos ate one-fourth of them,
and Keisha ate the rest. How many slices did Keisha
eat?

Problem 6: There is a fair six-sided die which is rolled
3 times. What is the probability that all numbers
rolled are different?

Problem 7: How many rectangles of any size can be
formed using only the gridlines of a 5x5 grid?



=15 = P
2 x5 =335



Maths Circle Junior - Modular Arithmetic

Sunday, February 9, 2025 9:31 AM
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Maths Circle Junior - Parity

Friday, May 2, 2025 10:45 PM

Problem 1: A6x6 grid is colored in a checkerboard pattern,
starting with black in the top-left corner. A knight is placed
on a black square. Is it possible for the knight to visit every
square of the grid exactly once and return to its starting
point?




Problem 2: A pile of 15 stones is on the table. Two players
take turns removing 1, 2, or 3 stones. The player who
removes the last stone wins. If both play optimally, who
wins: the firstlor second player?

IB= 3wed Y
Firsy M&r - 3

2 = Omed ¢



Problem 3: A number has digits that sum to 39. Can the
number be divisible by 9 and still be even?

Problem 4: You’re given a 5x5 board with one square
removed. You are given 12 L-shaped tiles, each covering 3
squares. Can you tile the rest of the board?

25 —ntaw) x






Problem 5: You repeatedly subtract the sum of the digits of
a number from itself (e.g.,86>86-(8+6)=72>72-(7 +
2) =63, etc.). Will the parity of the result ever change?

\{ 4N

Problem 6: Let n be an integer such that n®+ nis divisible
by 2. What can you say about the parity of n?



Problem 7: Anumber n leaves_temainder 1 when divided by
_2,2when divided by 3, and Awhen divided by 5. What is
the parity of n?

Problem 8: A number is written as the product of two
consecutive integers. Is the product always even, always



odd, or does it depend? /

Problem 9: Alice and Bob play a game on a 4x4 board
where each move flips a chosen square and its adjacent
squares (up/down/left/right). Starting from all white
squares, is it always possible to make the board all black?




Problem 10: A positive integer is written as a sum of
consecutive integers. If the number of terms is even, what
can you say about the parity of the total sum?



Maths Circle Junior - PHP (Nov 30)

Saturday, November 23, 2024 7:20 PM

What is Pigeon Hole Principle?

G .. — -

. O B O ———-
(nrr

A mPerfr o D
o

3 3 “
Say we have N number of holes, and | have N + 1 pigeons: after putting all the pigeons

Into a hole, there must be one hole that has more than 1 pigeon.

Example 1: A bag contains 10 black beads and 10 white beads. What is the smallest number of
which must be drawn from the bag, without looking, so that among these beads, there are 3 p:

appasite color. o

BIBBBBBBRBB —
P
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Example f: One million Qne trees grow in a forest. It is known that no pine tree hasimore than |
pine need]| #—-Show that two pine trees in the forest must have the same ptimber of pine n

—

Write your solution using PHP: Number of possibleeedles on a pine tree: hole

Number of pine ffees: pigeons

I~ QDODQO LDDDC
Lt 50 60 0— ©Pf coe = dm
DL LS QO O VO . o kD

Problem 3: Given twelve consecutive integers, show that two of them can be chosen whose diffe
—

divisible by 11. | )

CX/“'/’“’&:"“' 1+ Wl
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- 0,,2,3,...10 PPPPP.... —'
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Problem 4: For the 2026 FIFA World Cup, there will be Miootball teams, each of which has 11 pla
All the players will be gathered at an airport for a trip to another country for an important game, |
they will be traveling on "standby". There are 10 flights to their destination, and it turns out that e
flight has room for exactly |\_/l players, One football player will take his own helicopter to the game
rather than traveling standby on a plane. Show that at least one whole team will be sure to get to

important game. -
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Problem 5: Show that in any group of five here are two who have aw'identical number c

friends within the group. Coae |:l 2(:,
Y e
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¢ (2:0,
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Homework: P ] r P ID FPPFF

PHP Problem 1: Ten students solved a total of 35 problems in a math circle. Each
problem was solved by exactly one student. There is at least one student who
solved exactly one problem, at least one student who solved exactly two
problems, and at least one student who solved exactly three problems. Prove
that there is also at least one student who has solved five problems.

PHP Problem 2: Show that an equilateral triangle cannot be covered completely
by two smaller equilateral triangles.

PHP Problem 3: What is the largest number of kings which can be placed on
chessboard so that no two of them put each other in check?







Miscellaneous Problem 1: The son of a professor's father is talking to the father
of the professor's son, and the professor does not take part in the conversation.
Is this possible?

Miscellaneous Problem 2: In a 3x3 square, fill all the boxes with the digits 1, 2, 3,
4,5, 6, 7, 8, and 9 such that all the sums of the numbers along the rows, columns,
and two diagonals are equal.

Miscellaneous Problem 3: In a certain year, there were exactly four Fridays and
four Mondays in January. On what day of the week did the 20th of January fall
that year?

Miscellaneous Problem 4: Cross out 10 digits from the number
1234512345123451234512345 so that the remaining number is as large as
possible.




Maths Circle Junior - PHP

Saturday, June 14, 2025 12:14 AM
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Problem 1:

What is the minimum number of people required in a room to
guarantee that at least two of them were born in the same
month?

\ \ v v\ \
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Problem 2: ~ R

A drawer contains &red socks,é'blue socks, and \f_S_lgreen socks.
What is the minimum number of socks one must draw to
guarantee getting at least two of the same color?

Ced

Bie E
Qreen

R/a/h

Problem 3:
How many integers must be selected from the set {1, 2, 3, ...,

o~ r crer



100} to guarantee that at least two ot them difter by a multiple

of 10?
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Problem 4:

In a group of 20 students, each student shakes hands with at
least 13 other students. Prove that at least two students shook
hands with the same number of people.

I3 — g e
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Problem 5:
Prove that in a 2x2 square if we place arbitrary 5 points, the

%“W distance possible is 27 vermaean Y0
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)
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Problem 6:
A box contains n balls, each colored either red, green, blue, or

yellow. What is the minimum number of balls you must choose
to ensure at least 11 balls of one color?



Problem 7:
You are given 11 points in a 10 x 10 square grid. Prove that at
least two of the points lie in the same 3 x 3 square.



Problem 8:
From the numbers 1 to 100 inclusive, how many must you
choose to guarantee that two of them are consecutive integers?

Problem 9:

You randomly select 21 integers from the set {1, 2, 3, ..., 40}.
Prove that there exist two selected integers such that one
divides the other.



Problem 10:
If you write down 51 distinct integers between 1 and 100, show
that there must be at least two numbers that differ by 1.



Maths Circle Junior - Probability

Friday, April 18, 2025 10:29 PM

Problem 1: A jar contains 5 red balls and 3 blue balls. One
ball is drawn at random, not replaced, and then a second
ball is drawn. What is the probability that both balls are
red?

bokor\ =™ 9B
sk dvow 204 dvow s
5 )
X5 7

Problem 2: A standard 6-sided die is rolled twice. What is
the probability that the second roll is greater than the
first?

sk (ol ZM oW\
\' —= &— 6
2 —> 3—%

3 —> 9 -
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Problem 3: Three fair coins are flipped. What is the
probability of getting exactly two heads?
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Problem 4: A number is randomly chosen from the
integers 1 through 100 inclusive. What is the probability
that it is divisible by 3 or 5?
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Problem 5: Two digits are chosen at random (without
replacement) from the digits 1 through 9/What is the

probability that their sum is odd?
even +o0dd = odd
odd et -:.bfkd

I
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Problem 6: In a class of 12 students, 5 are wearing red
shirts. If 3 students are chosen at random, what is the
probability that at least one is wearing a red shirt?
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Problem 7: A bag contains 4 white, 3 black, and 2 green
marbles. Two marbles are drawn at random without

replacement. What is the probability that both are the
same color?

q ¢, =3, (;\-/.\m\\
Y 3 ¢ = b¥3x\ =20
(2 . c2 X 2
- 2
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Problem 8: A 3-digit number is formed/by randomly

selecting digits from 1 throu . What is the
probability that all three digits are djfferent?




Problem 9: A spinner is divided into 5 equal sectors
numbered 1 through 5. If you spin it twice, what is the
probability that the product of the two spins is even?

0dd
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3x 32 _ A

T © 25
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Problem 10: A fair 4-sided die is rolled three times. What
is the probability that all three results are different?



Maths Circle Junior - Remainders in Algebra

Friday, January 10, 2025 9:13 PM

Retry: Prove that the number n3 + 2n is divisible by 3
for any natural number n.

Case. :nn =O
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v\s-ﬂao YIM—=DO *AV\_>()
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Problem 1: Prove that the number n° + 4n is divisible
\
by 5 for any natural number n.
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divisible by 3 for any natural number n.
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Problem 3: Prove that the number n3 + 2 is not

divisible by 9 for any natural number n.
3
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Problem 4: Prove that the number n3 - n is divisible
by 24 for any odd n. — n-i, n, h¥|
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Problem 5: Prove that the number n° + 4n is divisible
by 5 for any natural number n

Problem 6: Three prime numbers p, q, and r, all
greater than 3, form an arithmetic progression: p =
p,q=p+d,and r=p + 2d. Prove that d is divisible
by 6.



Problem 7: Prove that if we decrease by 7 the sum of
the squares of any three natural numbers, then the
result cannot be divisible by 8.



Maths Circle Junior - Speed and Distance

Saturday, July 26, 2025 9:32 AM
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Problem 1:
Alice runs at a constant speed of 6 km/h. Eob walks at 4 km/h and
starts 15 minutes before Alice. How many minutes after Alice starts

will she catch up to Bob?
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Problem 2:
A train travels 60 km at a speed of 40 km/h and then returns over the

same distance at a speed of 60 km/h. What is the train’s average
speed over the entire trip?
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Problem 3:
A cyclist travels from town A to town B, a distance of 48 km. On the

way to B, she travels at 12 km/h. On the return trip, she travels at 16
km/h. What is her average speed for the entire trip?

bl Rstomce = A6¥MN

e b = 3L u9 o 4
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Problem 4:
Two cars start from opposite ends of a 300 km road and travel

towards each other. One car travels at 60 km/h, the other at 40
km/h. How many minutes will it take before they meet?
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Problem 5:
A car travels for 2 hours at 60 km/h, then for 3 hours at 80 km/h.

What is the car’s average speed for the entire trip?

Problem 6:

A bus travels from City A to City B, a distance of 150 km. After
traveling for 2 hours, it takes a 30-minute break, then continues at a
speed 20 km/h faster than before. If the total trip takes 4 hours
including the break, what was the speed before the break?

inifal QQCNL = 2 o
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Problem 7:
Two people start biking toward each other from towns that are 120

km apart. One travels at 25 km/h, and the other at 15 km/h. After 1
hour, a bird starts flying from one biker to the other at 40 km/h,
turning around each time it reaches one. How far has the bird flown

when the bikers meet?

Problem 8:
A runner completes a 10 km race by running the first 6 km at 12 km/h

and the last 4 km at 8 km/h. What is his average speed for the whole
race?

Problem 9:
Train A leaves a station traveling east at 72 km/h. Two hours later,

Train B leaves the same station traveling east at 90 km/h. After how
many hours from Train B’s departure will it catch up to Train A?

Problem 10:
A man drives 100 km to a city. On the way there, he averages 50
km/h due to traffic. On the way back, he averages 100 km/h. What is

his average speed for the entire round trip?



Maths Circle Junior - Triangle Inequality (Dec 7)

Saturday, December 7, 2024 8:13 PM

What does the triangle inequality say?

) AR < Ac+BC
ke ¢ RR4BC \—3
BC ¢ ABtAL
) agArc- B -3
" h';-;g —— B T

c
Problem 1. Prove that for any three points A, B, and C we have AC@ AB-BC|.

A ABTBCSAC
AB+FBC =AC

BC +AC > A Y|
ABYAC > Bc /|

8 C
AC > \Q(_— AB\ —

e vn-\

Ac2lpe- ) A

Problem 2: Prove that the length of any side of a triangle is not more than half its perimeter.

A a < Btc

l\b Aa < atvirc






Problem 3: The distance from Leningrad to Moscow is 660 kilometers. From Leningrad to the t
Likovo it is 310 kilometers, from Likovo to Klin it is 200 kilometers, and from Klin to Moscow is
kilometers. How far is it from Likovo to Moscow?

Lt €¢o

150

Problem 4: Side AC of triangle A&% length 3.8, and side AB has length 0.6. If the
length of side BC is an integer, what is this length?
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Problem 5: Prove that the sum of the diagonals of a convex quadrilateral is less than the
perimeter but more than half the perimeter.

Convex quadrilateral: all angles in the quadrilateral < 180, sum of angles = 360
8

AC < ABXYBC
A ¢ ACLAD+cD
3
AAC < ABYRYADHCD -
P
b A ¢ _I §<AC+BD<‘

from same approach

BD<£

Problem 6: If point O is inside a triangle ABC, prove that AO + OC < AB + BC.

D,D’ C ore elingar

N Aoc ,An AD¢
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Homework:

Triangle Inequality Problem 1: Prove that the sum of the diagonals
of a convex pentagon is greater than the perimeter but less than
double the perimeter.

Triangle Inequality Problem 2: Prove that the distance between any
two points inside a triangle is not greater than half the perimeter
of the triangle.

Triangle Inequality Problem 3: Find a point inside a convex
qguadrilateral such that the sum of the distances from the point to
the vertices is minimal.






Maths Circle Junior - Trigonometry

Friday, May 9, 2025 10:40 PM

Pythagorean Theorem:
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Trigonometric functions:
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Problem 1: In triangle ABC, angle Cis a right angle, AB = 13,
and AC =5. Find t@e length of BC.

R +5=r3"
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Problem 2: Triangle ABC has AB =6, AC=8, and angle A =
90°. Find the Ien@th of BC.  \ok \aem
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Problem 3: In a triangle, one angle measures 30°, and the
side opposite it has length 5. Another angle measures 90°.
Find the length of the hypotenuse.

5— Per\x.w&'\(. v\




Problem 4: In right triangle XYZ with right angle at Y, angle
X = 60°, and side opposite angle X is 10. Find the length of
the hypotenuse.z

Prnhlem &: A trianole hac anolec 2N° AN° and AN° anAd the
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length of the side opposite the 30° angle is 4. Find the
length of the side opposite the 60° angle.
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Problem 6: In triangle ABC, angle Cis a right angle, and

sin(A) = 3/5. If the hypotenuse is 20, find the length of the

side opposite angle A.

ZA 0° 30" 45° 60" %"
Sin A 0 L l /3 |
sin / > A EX
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Problem 7: A ladder 10 feet long leans against a wall and
makes a 60° angle with the ground. How high up the wall
does the ladder reach?

Problem 8: In triangle ABC, angle Cis a right angle, and BC
=12, AC = 5. Find the tangent of angle B.



Problem 9: In triangle ABC, angle C is a right angle, and
angle A is 45°. If AC = 7, find the length of AB.

Problem 10: In a triangle, one side measures 6, the

adjacent angle is 30°, and the hypotenuse is 12. Find the
sine of the angle onnosite the side of lensth 6.
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Maths Circle Senior - Algebra

Saturday, July 5, 2025 11:46 PM

Problem 1:
Solve for all real x:
(x2-5x+6)/(x*-4)=1

-5k = 1—1—‘-\

Sz =-10
=)

z'—ﬁ.& x (z’-ﬂ = Ix N
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L hare o, wo vea\  golfions .

Problem 2:

Let f(x) = x3 - 3x + 1.

Find the sum of all real solutions to the equation
f(f(x)) = 1.



Problem 3:
If x + 1/x = 4, find the value of x3 + 1/x3.

3\
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SCEVEREREY

24 - 3(M)
= L4 -2
- Sa,

Problem 4:



Let a and b be real numbers such thata+b =/
and ab = 10. Find the value of a% + b2.

al k\:
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Problem 5:

Solve for real x:
log,(x? - 3x) = 3



Problem 6:
Let f(x) = 2x + 3 and g(x) = x%. Find all x such that

f(g(x)) = g(f(x)).

Problem 7:
Suppose x and y are real numbers such that x +y
=5and x? + y2 = 13. Find x* + y*.



Problem 8:

Find the number of real solutions to the
equation:

(x2-2x+2)(x*+2x+2)=1

Nualklawa N



Fropierr o.

Let r and s be the roots of the equation x* - 5x + 6
=0.

Find the value of r* + s3.

Problem 10:
Solve for all real x:
2Mx+1) + 27 (x-1)=20



Maths Circle Senior - Combinatorics

Saturday, March 29, 2025 11:45 PM

1. Grid Paths with Restrictions

A robot starts at (0,0) and moves to (6,4), only moving right or up.
However, it cannot pass through the point (3,2). How many paths
can the robot take?

/0,0\ —) (6,"\) 20 -100 =|11©
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2. Counting Arrangements with Restrictions

Seven students, including Alice and Bob, are to be seated in a row.
If Alice must be seated to the left of Bob, how many different
seating arrangements are possible?
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3. Counting Subsets with a Sum Condition
How many subsets of {1,2,3,4,5,6,7,8,9} have a sum that is
divisible by 37?

4. Arranging People in a Circle

Eight people are seated in a circle. In how many ways can they be
arranged if two specific people must sit opposite each other?

(v =720

()"



S. Dividing Students Into Groups

Ten students are to be split into three groups, such that each
group contains at least one student. How many ways can this be
done if the groups are unlabeled?

6. Digit Sum Problem

How many four-digit numbers have digits that sum to 10?

7. String Coloring Problem
A binary string of length 10 consists of only Os and 1s. How many
such strings have no two consecutive 1s?






8. Balls and Bins with Restrictions
Ten identical balls are placed into four distinct bins. How many
ways can this be done if no bin can be empty?

9. Counting Paths with a Forbidden Move
A robot moves from (0,0) to (5,5), taking steps of (1,0), (0,1), or
(1,1) (a diagonal step). However, the robot can never take two
consecutive diagonal steps. How many valid paths exist?



10. Grid Coloring

A 3 x 3 grid is to be colored using 3 colors such that no two
adjacent squares have the same color. How many valid colorings
exist?



Maths Circle Senior - Combinatorics

Saturday, January 4, 2025 7:41 PM

Problem 1: There are five different teacups and three
different tea saucers in the "Tea Party" store. How
many ways are there to buy a cup and a saucer?

5

Problem 2: There are five different teacups, three
saucers, and four teaspoons in the "Tea Party" store.
How many ways are there to buy two items with



different names?
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Problem 3: We toss a coin three times. How many
different sequences of heads and tails can we obtain?
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Problem 4: How many ways are there to sew one
three-colored flag with three horizontal strips of equal



height it we have pieces of fabric of six colors? We can
distinguish the top of the flag from the bottom

Problem 5: How many ways are there to put one white
and one black rook on a chessboard so that they do
not attack each other?

firetr ook : fu ophons

Second, mok: b4 1S = Y9 ophions

Problem 6: How many ways are there to put one white
and one black king on a chessboard so that they do
not attack each other?
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Problem 7: How many three-digit numbers can be
written using the digits 1, 2, and 3 (without
repetitions) in some order?

— e S—

3 xaxl= 6

Problem 8: How many ways can | rearrange the letters
in the word "Vector"?



Problem 9: How many ways can | rearrange the letters
in the word "Trust"?

Problem 10: How many ways can | rearrange the
letters in the word "Caravan"?
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Problem 12: There are 20 towns in a certain country,
and every pair of them is connected by an air route.
How many air routes are there?

| 40

Problem 13: How many diagonals are there in a convex
n-gon, where n is the number of sides/vertices?

("Y(n-3)

Q

Homework:

Problem 1: Jiwei and Hari entered a race. Hari finished
the race in 4/5 of the time it took Jiwei to finish. The
next time that they raced the same distance, Jiwei
increased his average speed from the first race by x%,
while Hari maintained the same average speed as in the
first race. In this second race, Hari finished the race in
the same amount of time that it took Jiwei to finish.

Find x.



Problem 2: Each of the four digits of the integer 2024 is
even. How many integers between 1000 and 9999,
inclusive, have the property that all four of their digits
are even?

Problem 3: In a survey, 100 students were asked if they
like lentils and were also asked if they like chickpeas. A
total of 68 students like lentils. A total of 53 like
chickpeas. A total of 6 like neither lentils nor chickpeas.
How many of the 100 students like both lentils and
chickpeas?

Problem 4: Ellie’s drawer of hair clips contains 4 red
clips, 5 blue clips, and 7 green clips. Each morning, she
randomly chooses one hair clip to wear for the day. She
returns this clip to the drawer each evening. One
morning, Kyne removes k hairclips before Ellie can make
her daily selection. As a result, the probability that Ellie
chooses a red clip is doubled. Which of the following is a
possible value of k?






Maths Circle Senior - Divisibility

Saturday, April 26, 2025 11:04 PM

Problem 1: Find the smallest positive integer that
leaves a remainder of 1 when divided by 2, a

remainder of 2 when divided by 3, and a remainder of
3 when divided by 5.
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Problem 2: Determine how many positive integers
less than 2000 are divisible by neither 5 nor 7.
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Problem 3: A five-digit number is divisible by 9 and
ends with two 7’s. What is the smallest such number?

% 3% 47

Problem 4: Find the number of positive integers less
than 10,000 that are divisible by 3 or 7 but not

divisible by 5.

divisio\ \01 3: 333
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Problem 5: A number leaves a remainder of 3 when
divided by 5 and 4 remainder of 5 when divided by 7.
What is the leght such positive integer?

Problem 6: What is the sum of all positive integers
less than 1000 that are divisible by 8 and leave a
remainder of 1 when divided by 37?
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Problem 7: Find the largest three-digit integer that is
divisible by 17 and whose digits are all distinct.

Problem 8: How many integers between 1000 and
9999 are divisible by 11 and have all digits distinct?



Problem 9: Determine the smallest positive integer n
such that both n and n+1 are products of exactly two
distinct prime numbers.

Problem 10: Let N be the smallest positive integer
such that 2N ends with the digits 444. Find N.



Maths Circle Senior - Geometry
Sunday, August 10, 2025 9:30 AM

Problem 1:
A triangle has sides 13, 14, and 15. Find its area.
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Problem 2:
In a regular hexagon with side length 6, find the distance between two

opposite vertices.

Problem 3:
A circle has a chord of length 8 that is 3 units away from the center.

Find the radius of the circle.

Problem 4:
In a right triangle, the altitude to the hypotenuse is 6, and one leg is 8.
Find the other leg. o o PI0
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Problem 5:

A square has side length 10. A circle is inscribed in it. Find the area of
the region inside the square but outside the circle.
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Problem 6:
Two circles of radius 5 overlap so that the distance between their
centers is 6. Find the area of their intersection.

]
“ Y
Te 2

A . 28 ey |72

27357\

Problem 7:
A triangle has vertices A(0, 0), B(6, 0), and C(2, 5). Find the length of

the median from A.

Problem 8:
In an acute triangle ABC, AB =13, BC = 14, and AC = 15. Find the

length of the altitude from B.

Problem 9:
A regular tetrahedron has edges of length 1. Find its volume.

Problem 10:
A cylinder has radius r and height h such that its total surface area
equals its volume. Find h in terms of r.



Maths Circle Senior - Geometry

Saturday, April 5, 2025 9:45 PM

Problem 1: In triangle ABC, AB=13,BC =14, and AC=
15. Let D be the foot of the altitude from A to BC. What
is the length of AD?
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Problem 2: A circle is inscribed in a right triangle with
legs 7 and 24. What is the radius of the circlg?

T-¢c = \ivr
=
\ =73




Problem 3: A regular hexagon is inscribed in a circle of
radius 12. What is the area of the hexagon?

Problem 4: A square and an equilateral triangle have
equal perimeters. If the square has side length 12, what
is the area of the triangle?
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Problem 5: Let ABCD be a square. Points E and F lie on
sides AB and BC respectively such that AE = BF = 1.
Segme-nt EF intersects dla?gonal AC at point X. What is
the ratio of the area of triangle AEX to the area of
triangle CFX?

A E 8




Maths Circle Senior - Geometry

Sunday, June 29, 2025 12:00 AM

Problem 1:
In triangle ABC, angle A is 60 degrees and AB = AC = 10. Find the length

of BC.

A

Problem 2:
A circle is inscribed in a square. A second square is inscribed in that

circle. What is the ratio of the area of the smaller square to the larger
2
square? ario. o Lage Sqieel EL
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Problem 3:

A triangle has side lengths 13, 14, and 15. Find the area of the triangle.
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Problem 4:
Let A(O, 0), B(6, 0), and C(0O, 8) be the vertices of triangle ABC. Find the

radius of the circle inscribed in triangle ABC.
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Problem 5:

In a regular hexagon, what is the ratio of the area of an equilateral
triangle formed by connecting every other vertex to the area of the
hexagon?




Problem 6:
A right circular cone has height 12 and radius 5. A smaller cone is

sliced from the top, similar to the original, such that its height is 6.
What is the volume of the smaller cone?



Problem 7:
A trapezoid has bases of lengths 10 and 20, and height 6. A line

parallel to the bases divides the trapezoid into two regions of equal
area. How far from the longer base is the line?

Problem 8:
A circle has center O and radius r. A point A lies outside the circle such

that the length of the tangent from A to the circle is 12 and the
distance from Ato O is 13. Find .



Problem 9:
A square has side length 10. A circle is inscribed in the square, and a
smaller square is inscribed in the circle. What is the area of the smaller

square?



Problem 10:
In a triangle, the medians have lengths 5, 6, and 7. Find the area of the
triangle.



Maths Circle Senior - Geometry

Sunday, August 17, 2025 9:33 AM
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Maths Circle Senior - Geometry

Friday, December 13, 2024 5:24 PM

Median and centroid of a triangle:
()

Mediom‘.Vtr‘\'tnL b Mid\‘)oiv\\' o‘( \4\(
Qrpus'.-\-g st de

centroid: iv\\"trs-ccku\ of oM\ mediang

B ' C
Perpendicular bisector and circumcenter:
A bi =

S

Altitude and orthocenter:

A

Problem 1: Prove that the length of median AM in triangle ABC is greater thaL
(AB+ AC - BC)/2. }— TRIAN 6LE  TNEQVAL 1ty

A







ARrpcs BC |M3—Ac\<a
ActBeC > AD 'AL-BQ\(F
A rnc > A ,AB—GC\<

C

g ¥ mwy C _

AMS po-pm  BTLEC™
+ Am > ke - (M —RH-c
“((?,H ke

AA™M > AR IR c-BC

Q

Problem 2: In triangle ABC the median AM is longer than half of BC. Prove
that angle BAC is acute. BAC cao’

A ms BC ‘Ta AAB™:
& ZBAM +LAMB YL MBA =\2D
AMS M In A
n AACm:
AM> ™ —
—> ¢ LAMCYr /. Mcp+L CAM=1R0
M
8 Ta LARC:
L 8 F S c&j .
AM-‘*aAB +tdAc -8 (ABC-tAGCA\-LCAB = (90
. “ LBAMILcAM=2CAR
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BAM < RBC Y,
CAML pCH

BDhe ¢ ABCYNCB
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ABC+MNCB ¥BRAC > \soxm*. frve.
¥ condredickion

Problem 3: ABCD is a convex quadrilateral and AB+ BD < AC

Problem « E?ble for some five-pointed star ABCDEFGHIK to satisfy the
j B R& CD> DE, EF > FG, GH > HI, IK >KA?






Problem 5: A point is selected on each side of a square. Prove that the
perimeter of the quadrilateral formed by these points is no less than twice
the length of the square's diagonal.






Maths Circle Senior - Graphs (Nov 23)

Saturday, November 23, 2024 8:47 PM

What is a graph?
Collection of vertices joined by edges @

What do we mean by the degree of a vertex?
Number of edges that are connected to it

What is isomorphism?
- Same number of vertices (
- Each vertex is connected to the same number of vertices
- Connected to the exact same vertices

Problem 1: Prove that there does not exist a graph with 5 vertices with

1~






aegrees equal 1o 4, 4, 4, 4, and Z.

Problem 2: There are 101 towns in Forestland. Some of them are
connected by roads, and each pair of towns is connected by one and
only one simple path. How many roads are there?

Pendant vertex: vertex with degree of 1

101

IDOQ‘{C<

Problem 3: A volleyball net has the form of a rectangular lattice with
dimensions|50 X 600](What is the maximum number of unit strings you
can cut before the net falls apart into more than one piece?

{ - 3, l’ | 504+I1=51
[ E (oo =L |
- \

//3°LSI wrhices
30650 edges \ES—end

Ryertices ~
_'M 12 t&%es \\60 (50O tﬁg {F start
> — _




2 ™~ 3000 Ofmox

e free

Problem 4: Is it true that two graphs must be isomorphic, if

a) they both have 10 vertices and the degree of each equals 9?
b) they both have 8 vertices and the degree of each equals 3?
c) they are both connected, without cycles, and have 6 edges?

Qq Troe 33 g K e

L) Fulse
A

.

Problem 5: There are 100 towns in a country and some of them
are connected by airlines. It is known that one can reach every
town from any other (perhaps with several intermediate stops).
Prove that you can fly around the country and visit all the towns
making no more than a) 198 flights; b) 196 flights.

Problem 6: There are 7 lakes in Lakeland. They are
connected bv 10 canals so that one can swim througsh the






........... LA TR LY oY ~- e~

canals from any lake to any other. How many |slands are
there in Lakeland?

~] == we—ritiie - srrmis — = e

Problem 7: There are 20 points inside a square. They are
connected by nonintersecting segments with each other
and with the vertices of the square, in such a way that the
square is dissected into triangles. How many triangles do
we have?

Homework:

Graphs Problem 1: There are 100 circles forming a connected figure on
the plane. Prove that this figure can be drawn without lifting the pencil



off the paper or drawing any part of any circle twice.

Graphs Problem 2: There are 50 scientists at a conference and each of
them is acquainted with at least 25 of the others. Prove that there are
four of them who can be seated at a round table so that each of them has
two acquaintances for neighbors.

Miscellaneous Problem 1: Is it possible to arrange six long round pencils
so that each of them touches all the others?

Miscellaneous Problem 2: Matches are arranged to form the figure

shown on the right. Move two matches to change this figure into four

squares with sides equal in length to one match.

Miscellaneous Problem 3: Three tablespoons of milk from a glass of milk
are poured into a glass of tea, and the liquid is thoroughly mixed. Then
three tablespoons of this mixture are poured back into the glass of milk.
Which is greater now: the percentage of milk in the tea or the percentage
of tea in the milk?







Maths Circle Senior - Integers

Saturday, January 18, 2025 11:41 PM

Problem 1: Find all natural numbers equal to the
sum of the factorials of their digits.

\
'A.lli“:,LIOSSS Mo % ’.\b%'\'o\i olicé‘-\—sz—l
0!z nl_ ZAY RS XA K aaa
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Problem 2: Prove that among any 39 consecutive
natural numbers one can find a number, the sum of

whose digits is divisible by 11.
ok sumn ot AQgits —> SO

Sa\\ = Omad (\



Problem 3: Does there exist a two-digit number
whose square ends in the same two digits, but in
the reverse order?

Problem 4: Find all natural numbers n such that the
number n" + 1 is prime and has no more than 19
digits.

Problem 5: The fourth power of a natural number

~ - —_~ — A~



IS written with the digits U, 1, 4, 6, /, 9 In some
order. Find this number.

Problem 6: Integers a, b, and c are given, and it is
known that ax2 + bx+ c is divisible by 5 for any
integer x. Prove that a, b, and c are themselves
divisible by 5.



Maths Circle Senior - Invariants

Saturday, February 8, 2025 10:20 PM

What is an invariant?

Quankity Yosk doesn chanql
even. Whwen other valves OV\D.W'AC,
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Problem 1: The numbers 1, 2, 3, ..., 19, 20 are written on a
blackboard. It is allowed to erase any two numbers aand b
and write the new number a + b - 1. What number will be
on the blackboard after 19 such operations?

Si1a+th — S tare-) )~\0
-\1

Sum \], | Cachy e J
=14 1A\

(V)
*3843....20 = }ﬁ_ﬁ;\_ = a0

P



Problem 2: The numbers 1, 2, ..., 20 are written on a
blackboard. It is permitted to erase any two numbers a and
b and write the new number ab + a + b. Which number can
be on the blackboard after 19 such operations?

abra +o = (a+) (b)) -\
PG TATOTE T WY & T8 - NT
(M) ) = (k) (i)
Pota

P = (A () = P
"W ) (o V)

Lq='.u!—|\

Problem 3: There are six sparrows sitting on six trees, one
sparrow on each tree. The trees stand in a row, with 10
meters between any two neighboring trees. If a sparrow
flies from one tree to another, then at the same time some
other sparrow flies from some tree to another the same
distance away, but in the opposite direction. Is it possible
for all the sparrows to gather on one tree? What if there
are seven trees- and seven sparrows?

T
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Problem 4: There are 13 gray, 15 brown, and 17 red
chameleons on Chromatic Island. When two chameleons of
different colors meet they both change their color to the
third one (for instance, gray and brown both become red).
Is it possible that after some time all the chameleons on
the island are the same color?
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Problem 5: In an 8 x 8 table one of the boxes is colored
black and all the others are white. Prove that one cannot
make all the boxes white by recoloring the rows and
columns. "Recoloring" is the operation of changing the
color of all the boxes in a row or in a column.



Problem 6: Solve the same problem for an 8 x 8 table if
initially all four corner boxes are black and all the others
are white.



Maths Circle Senior - Logarithms

Saturday, July 12, 2025

Problem 1:

If logz(x) = 5, what is the value of x?

'122q
-52)

Problem 2: :
Simplify: logs(81) — logs(3)

B
:\633 ( 3

= 1] =7
Loy ¢
L
3 =271
3 =27
x=3
a "
3 =% 3 =3
o= U W =)
- \{ -
=~ 3
Problem 3:
Evaluate: logs(25) + logs(1/5)
= |\ 29 w3
) s( $)
S

-;\0}"

5

Problem 4:

If loga(x) = 3, express loga(x) in terms of integers.

L. 3 ?
)X LD 1 =2

Problem 5:
Solve for x: log,(x? - 1) = 3
1(2"\ = 2'; =Q

7(2

(1}

L‘(

«

v

3

Problem 6:
If logio(X) + logio(x — 9) = 2, find x.

lw-é “(‘L("l—“\> =2
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Problem 7:

If loga(b) = 2 and(@% =3, find loga(c)
Lh‘a&cb =%

2 3
h=oa C=\%

= (o\l )%

Problem 8:

Given that logs(x) = a and log;(y) = b, express log,(x2 / Wy} in

terms of a and b.
1(9.
994 ( ﬁ)
= \o(}s"lbt'l) — “’3 7( \\\i\
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Problem 9:
Solve for x: logs(x) + logs(x - 2) =1
i, ()

wr-2n = g

-‘_z_z;(-f", =9

A= 3%, -\
Lo tns dmiste
1=3
Problem 10:

If loga(x) = 3 and loga(y) = 2, what is the value of log,(xy)?
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Maths Circle Senior - Miscellaneous

Sunday, July 27, 2025 9:32 AM

Problem 1: —qtoe ¥heary s quadaiC vectprocthy

What is the remainder when 772025 is divided by 1007?
q'- 0. 7&7
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Problem 2:

A square and a circle have the same area. What is the
ratio of the side length of the square to the radius of the

circle?
.
< c"ww& —>

2
civete —2 (('U\

Problem 3:
Let x be a real number such that x + 1/x = 4. What is the
value of xA2 + 1/x"2?

Bey) =

L \ =\
4k ;tlx-?/ (S

Problem 4:
How many 4-digit numbers have digits that are strictly
increasing from left to right?

[ 8 Y 2

C\t\‘eo"?(\

Te, =Y

Problem 5:

A box contains 4 red balls, 3 blue balls, and 2 green balls.
Two balls are drawn without replacement. What is the
probability both are the same color?

QCZ = 30
R-Ye, =0
3 -
¢, =2
{
(Y>> ¥) \f$ ) 2
N 2K 1% (%
Problem 6:

A function f satisfies f(x + 1) = 2f(x) for all real x, and f(0)
= 3. What is f(5)?

6 | (le‘(luq,‘iqb§

Problem 7:
The sum of the interior angles of a regular polygon is
1440 degrees. How many sides does it have?

1% 9 LJ\—ZW AL

Problem 8:
In how many ways can 5 identical balls be distributed
into 3 distinct boxes so that no box is empty?

Problem 9:

Let a and b be positive integers such that the least
common multiple of a and b is 84 and the greatest
common divisor is 6. What is ab?

LeMx@e® = S04

Problem 10:
How many integers between 1 and 1000 inclusive are
divisible by neither 2, 3, nor 5?

v G



Maths Circle Senior - Miscellaneous Problems

Saturday, March 1, 2025 11:47 PM

Problem 1: Prove that the equality I/a + /b + |/c +1/d + /e + 1/f = 1 has
no solutions in odd natural numbers.

6 Hnes
bedel facdel s, . _ evtn
awcd et o&&

X Problem 2: Eight rooks are placed on a chessboard so that none of
them attacks another. Prove that the number of rooks standing on

black squares is even.




non- atradeing Squases * 64 ~\bw + ol =
Tt

= v (Since w 130 N)

Problem 3: Is it possible to place 20 red and blue pawns around a circle
in such a way that a blue pawn is standing on the point opposite to
any red pawn, and no two of the blue pawns are neighbors?

-



Problem 4: Points A and B are chosen on a straight line. Then 1001
other points are chosen outside segment AB, and these are colored
red and blue. Prove that the sum of the distances from A to the red
points and from B to the blue points is not equal to the sum of the
distances from B to the red points and from A to the blue points.

Problem 5: There are ten pairs of cards with the numbers 0,0, 1, 1, ...,
8, 8,9, 9 written on them. Prove that they cannot be laid in a row so
that there are exactly n cards between any two cards with equal
numbers non them {foralln=0, 1, ..., 9).



Problem 6: Twenty points, which form a regular 20-gon, are chosen on
a circle. Then they are split into ten pairs, and the points in each pair
are connected by a chord. Prove that some pair of these chords have

the same length.



Maths Circle Senior - Miscellaneous

Saturday, May 24, 2025 11:45 PM

Problem 1:
Find all real solutions to the equation:

X+V(4x+13)=5

Jaxnz' =5-%

Yyt 2 2 =10 RnALDS
%x*- 1§k 2 = O

xz 12837

% £ 1+ 537

R '—'1‘53/"\

Problem 2:
Let f(x) = x2 - 6x + 11. Find the minimum value of f(x).

\ I a(1-w)*w
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Problem 3:

How many integers between 1 and 1000 inclusive are
divisible by 3 or 5 but not by 15?

F RETCAN Y} \“A < .33}
2! /0 S: 2095
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Problem 4:
Let a and b be positive integers such that a? + b? = 100. Find
all possible values of a + b.

Problem 5:

Flmd dlha miiiaalhave A€ Adlmdln A fai i ARl miiiaahavir 2 adr aaf LA



FInag e nuinper O aiscuricu 1our-aigiL rnurnpers widtL cdr pe
formed using the digits {1, 2, 3, 4, 5} without repetition
such that the number is divisible by 5.

Problem 6:
Let f(x) = x® - 3x + 1. Find all real roots of f(x) = 0.



Problem 7:
A 6-sided die is rolled three times. What is the probability
that the three rolls are all different?



Problem 8:
If x + 1/x = 4, find the value of x* + 1/x2.

Problem 9:
In triangle ABC, AB = AC and angle A = 80°. Find the
measure of angle B.



Problem 10:
A function f satisfies f(x + y) = f(x) + f(y) and f(1) = 2. Find
£(2025).



Maths Circle Senior - Modular Arithmetic

Sunday, February 23, 2025 8:21 AM
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Problem 3: Mrs. Walter gave an exam in a mathematics class



of five students. She entered the scores in random order into

a spreadsheet, which recalculated the class average after each
score was entered. Mrs. Walter noticed that after each score was
entered, the average was always an integer. The scores (listed in
ascending order) were 71, 76, 80, 82, and 91. What was the last
score Mrs. Walter entered?

Problem 4: Which digits must we substitute for a
and b in 30a0b03 so that the resulting integer is
divisible by 13?



Problem 5: For how many positive integral values of
X <100 is 3* - x? divisible by 5?



Maths Circle Senior - More Triangle Inequality (Dec 1

Sunday, December 15, 2024 9:21 AM

Problem 1: A fly sits on one vertex of a wooden cube. What is the shortest path it can
follow to the opposite vertex?

Q -~
d = a* +6
ﬁ Vv 2 a
E — =a +4a
a l‘ a = S5a%
‘I A -
G a.

Problem 2: A fly sits on the outside surface of a cylindrical drinking glass. It must crawl to

another point, situated on the inside surface of the glass. Find the shortest path possible
(neglecting the thickness of the glass).
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Problem 3: A woodsman's hut is in the interior of a peninsula which has the form of an
acute angle. The woodsman must leave his hut, walk to one shore of the peninsula, then
to the other shore, then return home. How should he choose the shortest such path?
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Froniem 4: Prove tnat a convex polygon cannot nave tnree siaes, eacn or wnicn Is
greater than the longest diagonal.

Problem 5: Prove that a convex pentagon (that is, a pentagon whose diagonals all lie
inside the figure) has three diagonals which can form a triangle.




Problem 6: Two villages lie on opposite sides of a river whose banks are parallel lines. A
bridge is to be built over the river, perpendicular to the banks. Where should the bridge
be built so that the path from one village to the other is as short as possible?

Problem 7: Prove that the perimeter of a triangle is not greater than 4/3 the sum of its
medians. (centroid divides a median in the ratio 2:1)



Maths Circle Senior - Number Theory

Sunday, August 3, 2025 9:32 AM

Problem 1:
How many integers between 1 and 1000 are divisible by 5 but not divisible

by 77?
< 1009 - \lae\l‘
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Problem 2:
Find the smallest positive integer n such that 13n =1 mod 100.

o)

Problem 3:
Let S be the sum of all positive integers less than 100 that are relatively

primew
o~

91 I(,(o\ | S\, 3

uo x So =\2°o0

Problem 4.
How many integers 1 < n <1000 satisfy that n*2 =1 mod 8?
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Problem 5:
Let p and g be primes such that p + g = 100. How many such (unordered)

pairs (p, q) exist?

Problem 6:
Let N be a positive integer such that N mod 3=2, N mod 4 =3, and N mod 5

= 4. What is the smallest such N?

Problem 7:
A number has the property that when written in binary and reversed, its

value doubles. What is the smallest such number?

Problem 8:
Find the number of positive integers less than 1000 whose base-8

representation ends with the digit 5.

Problem 9:
Let A be the 3-digit hexadecimal number “1F4”. Convert A to base-10 and

then to binary.

Problem 10:
Let N be a positive integer such that its binary representation is 11011. Find

N in base 10 and base 8.



Maths Circle Senior - Number Theory

Sunday, January 19, 2025 9:22 AM

Problem 1: Prove that there exist two powers of two which
differ by a multiple of 1987.
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Problem 2: Prove that every integer > 6 can be represented as a
sum of two integers > 1 which are relatively prime.

even - 1Qr' om} Cvew. nuvmer WK,

1 w15 huce of awn odd nwwboer:
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Problem 3: Prove that if a and b are different integers, then
there exist infinitely many positive integers n such thata + nand
b + n are relatively prime.

aco\ ("\1"'\'\, \ﬁ:\h) = |

3 i = g
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Problem 4: Prove that for every integer k the numbers 2k+| and
9k+4 are relatively prime, and for numbers 2k-I and' 9k+4 find
their greatest common divisor as a function of k.






Problem 5: Prove that for every positive integer s there exists a
positive integer n with the sum of digits (in decimal system)
equal to s which is divisible by s.



Maths Circle Senior - Parity

Saturday, May 3, 2025 9:47 PM

Problem 1: A 7x7 grid has numbers 1 through 49 placed in
each square. Every time a number is even, it is painted red.
What is the minimum number of rows that must contain

an even number?

VeN nueeNS = 24

\vrow — Thuwoes

—xJ4l=29 224

Problem 2: A sequence is defined by a;=1,and forn>1,
an+1 = an + N. What is the parity of a100?

‘Mn\-\i —= even or odd?
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Problem 3: Let n be the smallest positive integer such that
12+ 22+ 3%+ ... + n?is divisible by 100. What is the parity

of n?

Problem 4: You have 13 coins, each showing either heads
or tails. You are told that at least one coin is heads. Every
minute, you flip all coizs showing heads and exactly one
tails coin of your chgice. Can all coins eventually show

tails?



Problem 5: Let n be a positive integer such that when n is
divided by 4, the remainder is 1, and when n is divided by

6, the remainder is 3. What istffr,parity of the least such
n?

oA

Problem 6: A function f is defined on the integers such that
f(n) = f(n-1) + f(n-2), with f(1) = 1 and f(2) = 3. What is the

>3

parity of f(2024)? \7
=12 wed 3 = f(n) sedd

- n=
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(4)="1T = edA
£(5) =\ =cbd
(O = |3 e
F§(N = 24 el

£l ‘l\: wod
H ) = e~

2034 = 1_m4'5 = 0dA



Problem 7: Let n be the smallest positive integer such that
n leaves a remainder of 1 when divided by 2, a remainder
of 2 when divided by 3, ..., and a remainder of 9 when
divided by 10. What is the parity of n?

Problem 8: A 10x10 grid has 100 lights, all initially off. You
press every button in row 1, then every button in row 2,
and so on, until row 10. Each button toggles the light in its
cell and its four neighbors (up, down, left, right). After all
presses, how many lights remain on?



Problem 9: Let a and b be integers such that a? = b> mod
2°. What is the parity of a - b?

Problem 10: A circle has 2025 equally spaced points. How
many distinct chords can be drawn connecting pairs of
points such that the number of points between the
endpoints is even?



Maths Circle Senior - PHP

Saturday, June 14, 2025 11:07 PM

Problem 1:

In a group of 13 people, each person is assigned a
birthday month (January to December). Prove
that at least two people must share the same
birthday month.

CV{AN\“"C (N Ny o A'\({-(,vem\ o CnmanXn g

|rcﬁ°‘\ — ak \east \ mon¥\WW LW W L

Problem 2:

A drawer contains 10 black socks, 12 white socks,
and 8 gray socks, all mixed together. What is the
minimum number of socks you must pull out (in
the dark) to guarantee that you have at least two
socks of the same color?

2 gocky —Sall AikeUrUX

Udi a0 —a | . leer Wil howe ALY "RN
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Problem 3:

You select 51 numbers from the set {1, 2, 3, ...,
100}. Prove that there exist two numbers such
that one divides the other.

Fundawmonsal T\oven o € Arxrecoi

w
K= L ™M

L, cad

- N LGV §

Problem 4:

A list of 20 integers is made, each of which is
from the set {1, 2, ..., 35}. Show that at least two
numbers in the list differ by less than 2.



Problem 5:

In a room of 20 people, each person shakes hands
with at least one other person. Prove that at least
two people have shaken hands the same number
of times.



Problem 6:

From the set {1, 2, 3, ..., 18}, select any 10
integers. Prove that two of the selected integers
must add to 19.

Problem 7:

You randomly place 11 rooks on an 8x8
chessboard. Prove that at least two rooks must
attack each other.



Problem 8:

A school has 200 students, and each student has
selected one of the 12 zodiac signs. Prove that at
least 17 students have the same sign.

Problem 9:

If 8 points are placed inside a square of side
length 2, prove that at least two points are within
V2 units of each other.



Problem 10:

Each of the numbers from 1 to 100 is colored
either red, blue, or green. Prove that there exists
two numbers of the same color such that one
divides the other.



Maths Circle Senior - Probability

Saturday, April 19, 2025 11:14 PM

Problem 1: A 5-digit number is formed by randomly

arranging the digits 1 through 5. What is the probability that
the number is divisible by 4? ne reperthon

§

Axb = Y ' disNde. oy 4
| 2

Zif o 29
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Problem 2: A fair coin is tossed repeatedly until either two
heads in a row or two tails in a row appear. What is the
probability that this process ends with two heads?

k. dwnes, feosed

Mar koy Mo



Problem 3: Two positive integers less than or equal to 100
are chosen at random. What is the probability that they are
relatively prime?

Problem 4: A fair 6-sided die is rolled repeatedly until the
sum of the rolls is greater than or equal to 12. What is the
probability that exactly three rolls are needed?



Problem 5: Two distinguishable standard 6-sided dice are
rolled. What is the probability that the product of the
numbers showing is a multiple of 6?

Problem 6: Let S be the set of all 3-digit numbers with
distinct digits. What is the probability that a randomly
chosen number from S is divisible by 5?

Problem 7: A bag contains 4 red balls and 6 green balls. Two
balls are drawn at random without replacement. What is the
probability that the two balls are of different colors?



Problem 8: Alice and Bob each flip a fair coin 5 times. What
is the probability that they both get the same number of

heads?

Problem 9: A drawer contains 3 pairs of indistinguishable
socks: 1 red, 1 blue, and 1 green. If two socks are drawn at
random without replacement, what is the probability they

form a matching pair?



Problem 10: Three cards are drawn at random without
replacement from a standard deck of 52 cards. What is the
probability that all three cards are of the same suit?



Maths Circle Senior - Trigonometry

Sunday, July 20, 2025 9:34 AM

Problem 1:
Prove that:

sin(x) * tan(x) = sin?(x) / cos(x)
sw(1) Yol

= e () 0D

cos (v)
= si(\z('l\
cos ()
Problem 2: Catb> v (oY
Simplify the expression: o 2 (69

(cos(x) + sin(x))? + (cos(x) - sin(x))?

- a\(s(V\z (O € wé‘("\\

B

Problem 3:
Prove that:

(1 - sin?(x)) * (1 + tan?(x)) = cos?(x) * sec?(x)
[~ ST [ rand)
= (ws (+)) (sec’(%)) .

Problem 4:

Prove the identity:

1/(1-sin(x))+1/(1+sin(x)) =2 * sec?(x)
\

o\
l-enid L Fsin X
~ [\-gl)f(q. - l'-“al/v/,(
( — $iv~7')(
2
- cov™ o
2
= dseC X

Problem 5:
Simplify:
sin(x) * csc(x) + cos(x) * sec(x)

\

\
< 5 T — g a4 - —

Problem 6:
Prove:

(tan(x) + cot(x))? = sec?(x) + csc?(x) + 2
foa” Y2 %o \7L7( = gecin Q—cc,gql‘r o

L
-\-om"'% ok X — csozx. &-Qcc,‘;t

.1 2 \ \
Sia o e -
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Cﬁ “ sl"
st x Feosin (
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civdev™ K Singeesh
Problem 7:

Simplify the expression:
(sec(x) - tan(x)) * (sec(x) + tan(x))
= GLC?')‘ - \'ow?l

z  {Aont - bew A

)

Problem 8:
Prove:

cos(x) / (1 - sin(x)) + cos(x) / (1 + sin(x)) = 2 * sec(x)

Problem 9:
Prove the identity:
1 + tan(x) = sin(x) / (cos(x) - sin(x) * tan(x))

Problem 10:
Simplify the expression:
(sec?(x) - 1)(csc?(x) - 1)
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Maths Circle Senior - Trigonometry

Saturday, May 10, 2025 10:56 PM

Trigonometric Ratios:

¢
Sind = W

-3
s W
Fond = gg
Cosu.ﬁ _;b
sec® -w°

Trigonometric Identities:
Sw P4 oo D = |

sin 20 = 2ein®cs O
s 29 = 1-25m O

dow® = S Inl
s b

Siv\( A-}ﬁ,} = SinAcos B+ osASinB

SN\UN--B') 2 ¢inftoy — cosA SN
Cos(AAR) = CosALesB — sinASnS
eS(A-R) = 7 + 7

Sine and Cosine Law:



oinfh | on® sinC
A
b
Cwmine o'
c? = a¥yb — Aances C
C

Problem 1: In triangle ABC, angle A is 30 degrees, side b =
8, and side ¢ = 10. Find the length of side a.

2,92 \
O = J0748" -2 (1o)(B)(Los30)
= ﬁ‘( - 2(w)($) (3
= (e 8053

Problem 2: Evaluate the exact value of sin(75°) using
angle sum identities.



Sn15
= sm(uS430)

= Sin(45)Ce5(3e) ¥ (oo (M3)sn(30)

= 2 ,J3 —\—‘S_;ir-\i
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Problem 3: Given that sin(x) + cos(x) = V2, find the exact
value of sin(2x).
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s'mlx ¥ ook F SNk oSN =3

| A2%inncosr = &

2einktesn = |




Problem 4: In triangle XYZ, angle Y is 120 degrees, side x =
7, and side z = 9. Use the Law of Cosines to find the length
of sidey.

Y
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z
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. T e

\.i

co%s (L0 = -~ Cco$bOo = "‘\—z
~ s A
Y= Ssrava + 13 O e
- S\'-m's
1 C

Problem 5: Find the general solution to the equation
2sin(x)cos(x) = 1.

ﬂTLA\-E_
u

1I0n+ 4%’



Problem 6: Let sin(A) = 3/5 with A in the first quadrant.
Find the exact value of sin(2A) and cos(2A).

3
S'U\QA' Cw$2A2
s\ — ul
'_27-%,4\;‘5_ 2>"25
- 2—:‘ 2\ - \}
-3 28
2 : 1
25

Problem 7: Solve for x in the interval [0, 2m): 2sin?(x) -
3sin(x)+1=0.



O<en<l
D & X <3D

\
Sin > \ A Sink = 2
2 = or n= 30 ,\%0
- w
2"
T (4
ZA 0 30° 45° 60 )
cot A ot defined 3 1 I; 0

Problem 8: If tan(B) = 3 and O is in the second quadrant,
find sin(26).






Problem 9: Prove the identity: (1 - sin®x)(1 + tan®x) = cosx
+ sin?x.

Problem 10: In triangle PQR, sides p =5, g = 7, and angle
R = 60 degrees. Find the area of triangle PQR.
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Maths Circles Junior - Trigonometry

Friday, July 18, 2025 6:14 PM & Ga —> swe
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Problem 1 c (EC —=> cosecont
Prove that: " HE T2 secany

G =5 ¢y oV
sin?(0) + cos?(0) =1 ™
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Problem 2
Prove that:

1 + tan?(0) = sec?(0)

Problem 3

Prove that: ..

1 + cot?(0) = csc?(0)
‘01

o

-

-

~

2

. o

= 4 ¥
a

ALE

1t
o

*
&
n
[\
P

Problem 4
If tan(B) = 3/4 and O is in Quadrant |, find sin(8) and cos(0).

Problem 5
If sin(B) = 5/13 and B8 is in Quadrant |, find the value of cos(0).

Problem 6
Simplify the expression:
[sin(B) / (1 + cos(B))] + [sin(B) / (1 - cos(B))]
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Problem 7
If sin(B) = 3/5 and B is in Quadrant I, find the value of tan(0).

Problem 8
Simplify the expression:
(1 - cos?(x)) / sin(x)
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Problem 9
Prove the identity:
1/ (1 + tan?(x)) = cos?(x)
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1. Aline passes through the points (0,0) and (2,4). What is its slope?

2. Find the length of the diagonal of a rectangle with corners (0,0),(0,6),(8,0),
(8,6).

3. What is the equation of the line that passes through the origin and has slope
2?

More ?\'ddeﬂ\% (0]) ‘\V\e. |
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What is the slope of a line perpendicular to the line with slope 2?

A line has equation y=3x+1. Find the slope of a line perpendicular to it.

The line through points (0,0) and (4,2) has slope \tfrac{1}{2}. What is the slope
of a line perpendicular to it?

Find the equation of the line that passes through (2,3) and is perpendicular to
y=2x+5.

What is the equation of the line perpendicular to y=-\tfrac{1}3}x+4 that passes
through the origin?
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Homework:

Two fair 6-sided dice are rolled. What is the probability that the product of the two numbers is divisible by 6?

From a group of 8 boys and 7 girls, how many different 5-person teams can be formed that contain at least 2 girls?

Four students sit in a row of 4 seats. Two friends insist on sitting next to each other. How many seatings are possible?

You flip a fair coin 6 times in a row. How many possible outcomes have no two consecutive heads?
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