
Problem 1: Two children take turns breaking up a rectangular 
chocolate bar 6 squares wide by 8 squares long. They may break the 
bar only along the divisions between the squares. If the bar breaks into 
several pieces, they keep breaking the pieces up until only the 
individual squares remain. The player who cannot make a break loses 
the game. Who will win? 

Problem 2: Two players take turns placing rooks (castles) on a 
chessboard so that they cannot capture each other. The loser is 
the player who cannot place a castle. Who will win?

Problem 3: There are three piles of stones: one with 10 stones, one 
with 15 stones, and one with 20 stones. At each turn, a player can 
choose one of the piles and divide it into two smaller piles. The loser 
is the player who cannot do this. Who will win, and how?

Problem 4: There are two piles of 7 stones each. At each turn, a 
player may take as many stones as he chooses, but only from one 
of the piles. The loser is the player who cannot move

Problem 5: Two players take turns placing kings on the squares of a 
8x8 chessboard, so that no king can capture another. The player 
who is unable to do this loses. (maximum number of moves)

Problem 6: Two players take turns breaking a piece of chocolate 
consisting of 5 x 10 small squares. At each turn, they may break 
along the division lines of the squares. The player who first obtains a 
single square of chocolate wins.

Homework:
Games Problem 1: A king is placed on square al of a chessboard. Players take turns moving the king 
either upwards, to the right, or along a diagonal going upwards and to the right. The player who places 
the king on square h8 is the winner. 

Games Problem 2: There are two piles of candy. One contains 20 pieces, and the other 21. Players take 
turns eating all the candy in one pile, and separating the remaining candy into two (not necessarily 
equal) non-empty piles. The player who cannot move loses. 

Games Problem 3: A checker is placed at each end of a strip of squares measuring 1 x 20. Players take 
turns moving either checker in the direction of the other, each by one or by two squares. A checker 
cannot jump over another checker. The player who cannot move loses. 
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What is Parity?

Parity is …

Example 1: The figure below shows a set of eleven gears arranged in a chain.

Example 2: Can a 5 x 5 square checkerboard be covered by 1 x 2 dominoes? 

Example 3: Can one make change of 25 rubles, using in all ten bills each having a value of 1, 3, or 5 
rubles? 

Challenge Problem: Can an ordinary 8 x 8 chessboard be covered with 1 x 2 dominoes so that only 
squares a1 and h8 remain uncovered?

Example 4: Katya and her friends stand in a circle. It turns out that both neighbors of each child are of 
the same gender. If there are five boys in the circle, how many girls are there?

Example 5: Can a knight start at square a1 of a chessboard, and go to square h8, visiting each of the 
remaining squares exactly once on the way?
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What is Parity?

Parity is term that used to describe whether a number is even or odd.

Even number is divisible by 2, odd number is not divisible by 2
Parity of 1? Odd parity-
Parity 32? Even parity-
1923? Odd parity-
-56? Even parity-
0?even parity-

Example 1: The figure below shows a set of eleven gears arranged in a chain. 
Can all of the gears rotate simultaneously?

Example 2: Can a 5 x 5 square checkerboard be covered by 1 x 2 dominoes? 

Example 3: Can one make change of 25 rubles, using in all ten bills each having a value of 1, 3, or 5 
rubles? 
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the same gender. If there are five boys in the circle, how many girls are there?

Example 5: Can a knight start at square a1 of a chessboard, and go to square h8, visiting each of the 
remaining squares exactly once on the way?

Homework:

Parity Problem 1: A closed path is made up of 11 line segments. Can one line, not 
containing a vertex of the path, intersect each of its segments? 

Parity Problem 2: Can we draw a closed path made up of 9 line segments, each of 
which intersects exactly one of the other segments?

Parity Problem 3. Three hockey pucks, A, B, and C, lie on a playing field. A hockey player 
hits one of them in such a way that it passes between the other two. He does this 25 
times. Can he return the three pucks to their starting points?

Miscellaneous Problem 1: A number of bacteria are placed in a glass. One second later 
each bacterium divides in two, the next second each of the resulting bacteria divides in 
two again, et cetera. After one minute the glass is full. When was the glass half-full?

Miscellaneous Problem 2: Jack tore out several successive pages from a book. The 
number of the first page he tore out was 183, and it is known that the number of the 
last page is written with the same digits in some order. How many pages did Jack tear 
out of the book? 

Miscellaneous Problem 3: A caterpillar crawls up a pole 75 inches high, starting from 
the ground. Each day it crawls up 5 inches, and each night it slides down 4 inches. 
When will it first reach the top of the pole?

Miscellaneous Problem 4: There are 24 pounds of nails in a sack. 
Can you measure out 9 pounds of nails using only a balance with
two pans?

Hint: think about the color of the
Squares that are removed
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Example 5: Can a knight start at square a1 of a chessboard, and go to square h8, visiting each of the 
remaining squares exactly once on the way?

Homework:

Parity Problem 1: A closed path is made up of 11 line segments. Can one line, not 
containing a vertex of the path, intersect each of its segments? 

Parity Problem 2: Can we draw a closed path made up of 9 line segments, each of 
which intersects exactly one of the other segments?

Parity Problem 3. Three hockey pucks, A, B, and C, lie on a playing field. A hockey player 
hits one of them in such a way that it passes between the other two. He does this 25 
times. Can he return the three pucks to their starting points?

Miscellaneous Problem 1: A number of bacteria are placed in a glass. One second later 
each bacterium divides in two, the next second each of the resulting bacteria divides in 
two again, et cetera. After one minute the glass is full. When was the glass half-full?

Miscellaneous Problem 2: Jack tore out several successive pages from a book. The 
number of the first page he tore out was 183, and it is known that the number of the 
last page is written with the same digits in some order. How many pages did Jack tear 
out of the book? 

Miscellaneous Problem 3: A caterpillar crawls up a pole 75 inches high, starting from 
the ground. Each day it crawls up 5 inches, and each night it slides down 4 inches. 
When will it first reach the top of the pole?

Miscellaneous Problem 4: There are 24 pounds of nails in a sack. 
Can you measure out 9 pounds of nails using only a balance with
two pans?

Hint: think about the color of the
Squares that are removed
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Problem 1:
Solve for x: (x + 3)(x - 2) = (x + 1)(x - 4)

Problem 2:
If a + b = 5 and ab = 6, find a² + b².

Problem 3:
Let f(x) = x² - 4x + 7. Find the minimum value of 
f(x).

Problem 4:
Solve for real x: 2x + √(x + 5) = 10

Problem 5:
Let x and y be real numbers such that x + y = 4 
and x² + y² = 10. Find the value of xy.

Problem 6:
If 3^(x + 1) + 3^(x) = 108, find the value of x.

Problem 7:
Let f(x) = 1 / (x + 1). Find f(f(f(1))).

Problem 8:
Find all real solutions to the equation x⁴ - 5x² + 4 
= 0.

Problem 9:
The sum of two numbers is 12, and the 
difference of their squares is 48. Find the two 
numbers.

Problem 10:
If a and b are real numbers such that a + b = 3 
and a³ + b³ = 63, find the value of ab.
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1. Quadratic Equation Roots
The roots of the quadratic equation x2−5x+k = 0 are in the ratio 2:3. Find 
the value of k.

2. Exponential Growth
A bacteria colony doubles in size every 3 hours. If it starts with 500 
bacteria, how many will there be after 12 hours?

3. System of Equations
Solve for x + y if:
2x + 3y = 1 
4x − y = 5

4. Sum of a Sequence
Find the sum of the arithmetic sequence:
2,5,8,…,50

5. Polynomial Remainder
Find the remainder when x2025 + x1012 + x506 + 1 is divided by x.+ 1.

6. Functional Equation
A function f satisfies:
f(x + y)=f(x) + f(y) + 2xy for all real numbers x and y, and it is given that 
f(1)=3. Find f(5).

7. Absolute Value Equation
Solve for x:
∣3x−7∣=2x+1

8. Geometric Sequence
The first three terms of a geometric sequence are a, b, and c, where 
a + b + c = 21 and a, b, c form a geometric sequence with common ratio r. 
If a = 3, find c.

9. Vieta’s Formulas
The roots of the equation x2−7x+12=0 are p and q. Find the value of p2+q2

10. Quadratic Discriminant
For what values of k does the equation 2x2−4x+k=0 have real and distinct 
roots?
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Problem	1:
Evaluate:	(7	+	3)²	- (7	- 3)²

Problem	2:
If	a	+	b	=	10	and	ab	=	21,	find	a²	+	b².

Problem	3:
Factor	completely:	x³	- 27

Problem	4:
If	x²	- 4x	+	5	=	0,	find	the	value	of	x⁴	+	1.

Problem	5:
Let	a	and	b	be	real	numbers	such	that	a²	+	b²	=	20	and	ab	=	6.	Find	(a	+	b)².

Problem	6:
Given	that	x	and	y	satisfy	x	+	y	=	8	and	x²	+	y²	=	50,	find	the	value	of	xy.

Problem	7:
Simplify:	(x²	- 9)	/	(x	- 3)

Problem	8:
Let	x	+	1/x	=	3.	Find	x²	+	1/x².

Problem	9:
If	r	and	s	are	the	roots	of	the	equation	x²	- 7x	+	12	=	0,	find	r²	+	s².

Problem	10:
Factor	and	solve:	x³	+	x²	- 4x	- 4	=	0
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Problem 1:
A robot starts at the bottom-left corner of a 3×3 grid and 
wants to reach the top-right corner. It can only move right or 
up. How many different paths can the robot take?

Problem 2:
At a party, there are 8 people, and each person shakes hands 
with every other person exactly once. How many total 
handshakes occur?

Problem 3:
An ice cream shop offers 6 flavors. You want to buy a double 
scoop cone, where both scoops can be the same or different 
flavors. How many different double scoop cones can you 
order?

Problem 4:
How many ways can the letters in the word "MATH" be 
arranged?

Problem 5:
A fair coin is flipped 4 times. How many different sequences 
of heads and tails are possible?

Problem 6:
A club has 10 members, and a 3-person committee needs to 
be selected. How many different ways can the committee be 
formed?

Problem 7:
Four friends sit in a row of 4 chairs. If two of them insist on 
sitting next to each other, how many different seating 
arrangements are possible?

Problem 8:
A set contains 5 elements: {A, B, C, D, E}. How many different 
subsets (including the empty set and the full set) can be 
formed?

Problem 9:
A license plate consists of 3 letters followed by 2 digits. If the 
letters can be any of the 26 English letters and the digits can 
be any of the 10 digits (0-9), how many different license 
plates are possible?

Problem 10:
A birthday cake has 7 candles, and each candle can be 
either blue, red, or yellow. How many different ways can the 
candles be colored?

Maths Circle Junior - Combinatorics
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arranged?
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A fair coin is flipped 4 times. How many different sequences 
of heads and tails are possible?

Problem 6:
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be selected. How many different ways can the committee be 
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subsets (including the empty set and the full set) can be 
formed?
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A license plate consists of 3 letters followed by 2 digits. If the 
letters can be any of the 26 English letters and the digits can 
be any of the 10 digits (0-9), how many different license 
plates are possible?

Problem 10:
A birthday cake has 7 candles, and each candle can be 
either blue, red, or yellow. How many different ways can the 
candles be colored?
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What is a prime number?

What is a composite number?

Fundamental Theorem of Arithmetic:
Any natural number different from 1 (2,3,4,5….) can be written as 
the product of prime number in increasing order

What is relatively prime, or coprime?

What is factorial?

Problem 1: If a number A is even, is it true that 3A must be divisible 
by 6?

Problem 2: Given the numbers A = 28 · 53 · 7 and B = 25 · 3 · 57 find 
LCM(A, B)

Problem 3: Prove that the product of any three consecutive natural 
numbers is divisible by 6. 

Problem 4: Find the smallest natural number n such that n! is 
divisible by 990. 

Problem 5: Find all solutions in natural numbers of the equations 
a) x2 -y2 = 31                                                       b) x2 - y2 = 303.

Problem 6: Prove that the number n3 + 2n is divisible by 3 for any 
natural number n. 

Homework:

Divisibility Problem 1: Prove that any two natural numbers a and b 
satisfy the equation GCD(a, b) LCM(a, b) =ab.

Divisibility Problem 2: The numbers a and b satisfy the equation 56a = 
65b. Prove that a + b is composite.

Divisibility Problem 3: How many zeros are there at the end of the 
decimal representation of the number 100!

Miscellaneous Problem 1: Bindu’s bike tires have a radius of 30 cm. She 
rides her bike far enough that the tires rotate exactly five times. How 
far does Bindu’s bike travel?

Miscellaneous Problem 2: For 30 consecutive days, the daily high 
temperature was recorded. On each of the first 25 days, the 
temperature recorded was 21℃. On each of the remaining 5 days, the 
temperature recorded was 15℃. For the 30 days, the mean (average) 
of the temperatures recorded was

Miscellaneous Problem 3: The product of a pair of 2-digit positive 
integers is 630. How many such pairs are there?
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Problem 1: How many positive integers less than 1000 
are divisible by either 6 or 10 but not both?

Problem 2: Find the greatest three-digit number that 
leaves a remainder of 1 when divided by 2, a remainder 
of 2 when divided by 3, and a remainder of 3 when 
divided by 4.

Problem 3: What is the smallest positive integer such 
that when divided by 7, 8, and 9, the remainder is 6 
each time?

Problem 4: A five-digit number ends in 5 and is divisible 
by 15 and 9. What is the smallest possible such number?

Problem 5: How many four-digit integers are divisible by 
36?

Problem 6: Find the smallest positive integer n such that 
n is divisible by 5, and n + 1 is divisible by 6, and n + 2 is 
divisible by 7.

Problem 7: How many integers between 1 and 1000 are 
divisible by neither 4 nor 6?

Problem 8: What is the sum of all positive integers less 
than 100 that are divisible by both 3 and 7?

Problem 9: How many three-digit numbers are divisible 
by 8 and have all digits distinct?

Problem 10: Let N be the smallest positive number such 
that when multiplied by 9, the product is a number 
consisting only of the digit 1. Find N.

2025-04-26 
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Problem 1: Which of the following relations are 
functions? Give reasons and also find the 
domain and range of the function.

(i) f = {(1, 3), (1, 5), (2, 3), (2, 5)}

(ii) g = {(2, 1), (5, 1), (8, 1), (11, 1)}

Problem 2: Let f(x) = x2 + 1. Find f(10).

Problem 3: Is the following a function?

Problem 4: What is the domain and range for the 
function below?

Problem 5: At what values of the domain is the 
function f(x) = x - 2 less than the function 
represented in the graph below?

Problem 6: A car's value depreciates each year 
by 15%. Which function would best model the 
car's value depending on the number of years 
the owner has had it?

LinearA)

ExponentialB)

QuadraticC)

None of the aboveD)

What is a function?

What is the domain of a function?

What is the range of a function?

What is the inverse of a function?
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Problem 1:
Alice and Bob take turns removing 1, 2, or 3 stones from 
a pile of 17. Alice goes first. The player who removes the 
last stone wins. Who has a winning strategy?

Problem 2:
Two players take turns choosing distinct integers from 1 
to 9. The first player to have any three numbers that sum 
to 15 wins. If all numbers are chosen and no one has 
won, the game is a draw. Who has a winning strategy?

Problem 3:
In a two-player game, players alternate writing either an 
X or an O in a 3×3 grid. The first player to fill an entire 
row, column, or diagonal with the same letter wins. If the 
grid fills up with no winner, it's a draw. Can the second 
player force a win?

Problem 4:
A coin is flipped repeatedly. Alice scores a point when 
two heads appear consecutively (HH). Bob scores a point 
when the pattern heads-tails-heads (HTH) appears. Who 
is more likely to score first?

Problem 5:
Two players play a game where they start at the number 
1. On each turn, a player multiplies the current number 
by 2 or 3. The player who reaches or exceeds 100 first 
wins. Who has a winning strategy if the first player starts?

Problem 6:
A 5×5 grid is initially empty. Two players take turns 
placing either a black or a white stone in an empty 
square. A player wins if four stones of their color form a 
line. Is it possible for the first player to guarantee a win?

Problem 7:
Players take turns subtracting a square number (1, 4, 
9, ...) from a pile of 100 coins. The player who makes the 
last move wins. Who has a winning strategy?
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Problem 1: Angle bisector BK is drawn in isosceles 
triangle ABC, with angle A equal to 36 degrees. Prove 
that BK= BC.

Problem 2:Prove that the sum of the angles at the 
vertices of a five-pointed star equals 180 degrees.

Problem 3: Can two angle bisectors in a triangle be 
perpendicular?

Problem 4: Chords AB and CD in a circle are parallel. 
Prove that AC= BD.

Problem 5: The ratio of three consecutive angles in 
an inscribed quadrilateral is 2 : 3 : 4. Find their 
values. 

Problem 6: Square ABCD is given. A circle with radius 
AB and center A is drawn. This circle intersects the 
perpendicular bisector of BC in two points, of which 
O is the closest to C. Find the value of angle AOC.

Homework Problems:
Problem 1: Cut a square into 5 rectangles in such a 
way that no two of them have a complete common 
side {but may have some parts of their sides in 
common).

Problem 2: Is it possible to draw a closed 8-segment 
broken line which intersects each segment of itself 
exactly once? 

Problem 3: Is it possible to cut a square into several 
obtuse triangles?

Problem 4: Is it true that among any 10 segments 
there always are 3 which can form a triangle? 

Maths Circle Junior - Geometry (Angles)
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Median and centroid of a triangle:

Perpendicular bisector and circumcenter:

Altitude and orthocenter:

Problem 1: Prove that the length of median AM in triangle ABC is greater than 
(AB+ AC - BC)/2. 

Problem 2: In triangle ABC the median AM is longer than half of BC. Prove 
that angle BAC is acute. 

Problem 3: Prove that ABCD is a convex quadrilateral and AB+ BD < AC

Problem 4: Is it possible for some five-pointed star ABCDEFGHIK  to satisfy the 
inequalities: AB > BC, CD> DE, EF > FG, GH > HI, IK >KA? 

Problem 5: A point is selected on each side of a square. Prove that the 
perimeter of the quadrilateral formed by these points is no less than twice 
the length of the square's diagonal. 
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Problem 1: A ladder 10 feet long leans against a wall and 
makes a 60° angle with the ground. How high up the wall 
does the ladder reach?

Problem 2: In triangle ABC, angle C is a right angle, and BC 
= 12, AC = 5. Find the tangent of angle B.

Problem 3: In triangle ABC, angle C is a right angle, and 
angle A is 45°. If AC = 7, find the length of AB.

Problem 4: In a triangle, one side measures 6, the adjacent 
angle is 30°, and the hypotenuse is 12. Find the sine of the 
angle opposite the side of length 6.

Problem 5:
What is the least integer value of x such that
1 / (x + 2) > 1 / (x + 1)

Problem 6:
If a > b > 0, prove that
1 / a < 1 / b

Problem 7:
Find all x that satisfy both:
x^2 - 5x + 6 ≥ 0
and
x - 1 < 2

Maths Circle Junior - Homework Problems
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Problem 7: Prove the AM-GM inequality.

Problem 7: Prove that if we decrease by 7 the sum of the 
squares of any three natural numbers, then the result 
cannot be divisible by 8.
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Problem 1. Which number is greater: 3111 or 1714

Problem 2. Which number is greater: 
a) 2300 or 3200 

b) 240 or 328  
c) 544 or 453

Problem 3: Which number is greater: 1234567 · 
1234569 or 12345682?

Problem 4: Prove that 2100 + 3100 < 4100

Problem 5: Prove that 479 < 2100 + 3100 < 480

Problem 6: How many digits does the number 
21000 have?

Problem 7: Prove the AM-GM inequality.
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Problem 1: A positive integer leaves a remainder of 2 when 
divided by 5 and a remainder of 3 when divided by 7. What is 
the smallest such number?

Problem 2: How many integers between 1 and 1000 are 
divisible by neither 2 nor 5?

Problem 3: In how many ways can the letters of the word 
SUCCESS be arranged?

Problem 4: The sum of three consecutive even integers is 
222. What is the product of the smallest and largest of these 
integers?

Problem 5: A jar contains red, blue, and green marbles. 
There are 6 red marbles and twice as many blue as green 
marbles. If there are 30 marbles in total, how many blue 
marbles are there?

Problem 6: Let x and y be real numbers such that x + y = 5 
and x² + y² = 13. What is the value of xy?

Problem 7: Two people start at opposite ends of a 100-meter 
track and run toward each other. One runs at 5 m/s and the 
other at 3 m/s. How many seconds until they meet?

Problem 8: A square has side length 10. A second square is 
formed by connecting the midpoints of the sides of the 
original square. What is the area of the smaller square?

Problem 9: How many different 4-digit numbers can be 
formed using the digits 1 through 6 if repetition is not 
allowed and the number must be even?

Problem 10: How many distinct values are there in the set of 
all possible products ab where a and b are integers from 1 to 
10 inclusive?
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Problem 8: A square has side length 10. A second square is 
formed by connecting the midpoints of the sides of the 
original square. What is the area of the smaller square?

Problem 9: How many different 4-digit numbers can be 
formed using the digits 1 through 6 if repetition is not 
allowed and the number must be even?

Problem 10: How many distinct values are there in the set of 
all possible products ab where a and b are integers from 1 to 
10 inclusive?
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Problem 1:
The sum of a number and its reciprocal is 5. What is 
the minimum possible value of the sum of the 
number and its cube?

Problem 2:
The digits of a three-digit number are in arithmetic 
progression. If the number is divisible by 9, what is 
the sum of all such numbers?

Problem 3:
What is the smallest positive integer n such that n 
leaves a remainder of 3 when divided by 4, a 
remainder of 4 when divided by 5, and a remainder 
of 5 when divided by 6?

Problem 4:
A square and a circle have the same area. The side 
length of the square is doubled. By what percent 
does the area of the new square exceed the area of 
the original circle?

Problem 5:
A function f satisfies f(x + 1) = 2 * f(x) and f(0) = 3. 
What is the value of f(5)?

Problem 6:
How many different four-letter "words" can be 
formed using the letters A, B, C, and D if each letter 
can be used more than once and the word must 
contain at least one B?

Problem 7:
Find all positive integers x such that x squared plus 
19 times x plus 48 is a perfect square.

Problem 8:
The sum of the squares of three consecutive 
integers is 365. What is the middle integer?

Problem 9:
How many three-digit integers between 100 and 
999 have all digits different and in increasing order?

Problem 10:
A set of five consecutive positive integers has a 
product divisible by 120. What is the smallest 
possible value of the smallest number in the set?
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Problem 1: A cube has all of its faces painted. It is 
then cut into 64 smaller, equal-sized cubes. How 
many of the small cubes have exactly two painted 
faces?

Problem 2: Alan writes down five consecutive 
positive integers. The sum of the squares of the first 
and last numbers is 458. What is the middle number?

Problem 3: A rectangular piece of paper measures 8 
inches by 15 inches. It is rolled up so that the two 
shorter sides meet to form a cylinder. What is the 
volume of the cylinder?

Problem 4: How many integers between 100 and 999 
have digits that sum to 24?

Problem 5: A pizza was cut into 12 equal slices. Jenny 
ate one-third of them, Carlos ate one-fourth of them, 
and Keisha ate the rest. How many slices did Keisha 
eat?

Problem 6: There is a fair six-sided die which is rolled 
3 times. What is the probability that all numbers 
rolled are different?

Problem 7: How many rectangles of any size can be 
formed using only the gridlines of a 5x5 grid?
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Problem 1: A 6×6 grid is colored in a checkerboard pattern, 
starting with black in the top-left corner. A knight is placed 
on a black square. Is it possible for the knight to visit every 
square of the grid exactly once and return to its starting 
point?

Problem 2: A pile of 15 stones is on the table. Two players 
take turns removing 1, 2, or 3 stones. The player who 
removes the last stone wins. If both play optimally, who 
wins: the first or second player?

Problem 3: A number has digits that sum to 39. Can the 
number be divisible by 9 and still be even?

Problem 4: You’re given a 5×5 board with one square 
removed. You are given 12 L-shaped tiles, each covering 3 
squares. Can you tile the rest of the board?

Problem 5: You repeatedly subtract the sum of the digits of 
a number from itself (e.g., 86 → 86 − (8 + 6) = 72 → 72 − (7 + 
2) = 63, etc.). Will the parity of the result ever change?

Problem 6: Let n be an integer such that n² + n is divisible 
by 2. What can you say about the parity of n?

Problem 7: A number n leaves remainder 1 when divided by 
2, 2 when divided by 3, and 4 when divided by 5. What is 
the parity of n?

Problem 8: A number is written as the product of two 
consecutive integers. Is the product always even, always 
odd, or does it depend?

Problem 9: Alice and Bob play a game on a 4×4 board 
where each move flips a chosen square and its adjacent 
squares (up/down/left/right). Starting from all white 
squares, is it always possible to make the board all black?

Problem 10: A positive integer is written as a sum of 
consecutive integers. If the number of terms is even, what 
can you say about the parity of the total sum?
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number be divisible by 9 and still be even?

Problem 4: You’re given a 5×5 board with one square 
removed. You are given 12 L-shaped tiles, each covering 3 
squares. Can you tile the rest of the board?

Problem 5: You repeatedly subtract the sum of the digits of 
a number from itself (e.g., 86 → 86 − (8 + 6) = 72 → 72 − (7 + 
2) = 63, etc.). Will the parity of the result ever change?

Problem 6: Let n be an integer such that n² + n is divisible 
by 2. What can you say about the parity of n?

Problem 7: A number n leaves remainder 1 when divided by 
2, 2 when divided by 3, and 4 when divided by 5. What is 
the parity of n?

Problem 8: A number is written as the product of two 
consecutive integers. Is the product always even, always 
odd, or does it depend?

Problem 9: Alice and Bob play a game on a 4×4 board 
where each move flips a chosen square and its adjacent 
squares (up/down/left/right). Starting from all white 
squares, is it always possible to make the board all black?

Problem 10: A positive integer is written as a sum of 
consecutive integers. If the number of terms is even, what 
can you say about the parity of the total sum?
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What is Pigeon Hole Principle?

Say we have N number of holes, and I have N + 1 pigeons: after putting all the pigeons
Into a hole, there must be one hole that has more than 1 pigeon.

Example 1: A bag contains 10 black beads and 10 white beads. What is the smallest number of beads 
which must be drawn from the bag, without looking, so that among these beads, there are 3 pairs of 
opposite color.

Example 2: One million pine trees grow in a forest. It is known that no pine tree has more than 600000 
pine needles on it. Show that two pine trees in the forest must have the same number of pine needles.

Problem 3: Given twelve consecutive integers, show that two of them can be chosen whose difference is 
divisible by 11.

Problem 4: For the 2026 FIFA World Cup, there will be M football teams, each of which has 11 players. 
All the players will be gathered at an airport for a trip to another country for an important game, but 
they will be traveling on "standby". There are 10 flights to their destination, and it turns out that each 
flight has room for exactly M players. One football player will take his own helicopter to the game, 
rather than traveling standby on a plane. Show that at least one whole team will be sure to get to the 
important game. 

Problem 5: Show that in any group of five people, there are two who have an identical number of 
friends within the group.

Homework:

PHP Problem 1: Ten students solved a total of 35 problems in a math circle. Each 
problem was solved by exactly one student. There is at least one student who 
solved exactly one problem, at least one student who solved exactly two 
problems, and at least one student who solved exactly three problems. Prove 
that there is also at least one student who has solved five problems.

PHP Problem 2: Show that an equilateral triangle cannot be covered completely 
by two smaller equilateral triangles.

PHP Problem 3: What is the largest number of kings which can be placed on 
chessboard so that no two of them put each other in check?

Miscellaneous Problem 1: The son of a professor's father is talking to the father 
of the professor's son, and the professor does not take part in the conversation. 
Is this possible?

Miscellaneous Problem 2: In a 3x3 square, fill all the boxes with the digits 1, 2, 3,  
4,5, 6, 7, 8, and 9 such that all the sums of the numbers along the rows, columns, 
and two diagonals are equal.

Miscellaneous Problem 3: In a certain year, there were exactly four Fridays and 
four Mondays in January. On what day of the week did the 20th of January fall 
that year?

Miscellaneous Problem 4: Cross out 10 digits from the number 
1234512345123451234512345 so that the remaining number is as large as 
possible.

Write your solution using PHP: Number of possible needles on a pine tree: holes
Number of pine trees: pigeons
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Problem 1:
What is the minimum number of people required in a room to 
guarantee that at least two of them were born in the same 
month?

Problem 2:
A drawer contains 10 red socks, 8 blue socks, and 6 green socks. 
What is the minimum number of socks one must draw to 
guarantee getting at least two of the same color?

Problem 3:
How many integers must be selected from the set {1, 2, 3, ..., 
100} to guarantee that at least two of them differ by a multiple 
of 10?

Problem 4:
In a group of 20 students, each student shakes hands with at 
least 13 other students. Prove that at least two students shook 
hands with the same number of people.

Problem 5:
Prove that in a 2x2 square if we place arbitrary 5 points, the 
minimum distance possible is   2

Problem 6:
A box contains n balls, each colored either red, green, blue, or 
yellow. What is the minimum number of balls you must choose 
to ensure at least 11 balls of one color?

Problem 7:
You are given 11 points in a 10 × 10 square grid. Prove that at 
least two of the points lie in the same 3 × 3 square.

Problem 8:
From the numbers 1 to 100 inclusive, how many must you 
choose to guarantee that two of them are consecutive integers?

Problem 9:
You randomly select 21 integers from the set {1, 2, 3, ..., 40}. 
Prove that there exist two selected integers such that one 
divides the other.

Problem 10:
If you write down 51 distinct integers between 1 and 100, show 
that there must be at least two numbers that differ by 1.
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minimum distance possible is   2

Problem 6:
A box contains n balls, each colored either red, green, blue, or 
yellow. What is the minimum number of balls you must choose 
to ensure at least 11 balls of one color?

Problem 7:
You are given 11 points in a 10 × 10 square grid. Prove that at 
least two of the points lie in the same 3 × 3 square.

Problem 8:
From the numbers 1 to 100 inclusive, how many must you 
choose to guarantee that two of them are consecutive integers?

Problem 9:
You randomly select 21 integers from the set {1, 2, 3, ..., 40}. 
Prove that there exist two selected integers such that one 
divides the other.

Problem 10:
If you write down 51 distinct integers between 1 and 100, show 
that there must be at least two numbers that differ by 1.
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Problem 1: A jar contains 5 red balls and 3 blue balls. One 
ball is drawn at random, not replaced, and then a second 
ball is drawn. What is the probability that both balls are 
red?

Problem 2: A standard 6-sided die is rolled twice. What is 
the probability that the second roll is greater than the 
first?

Problem 3: Three fair coins are flipped. What is the 
probability of getting exactly two heads?

Problem 4: A number is randomly chosen from the 
integers 1 through 100 inclusive. What is the probability 
that it is divisible by 3 or 5?

Problem 5: Two digits are chosen at random (without 
replacement) from the digits 1 through 9. What is the 
probability that their sum is odd?

Problem 6: In a class of 12 students, 5 are wearing red 
shirts. If 3 students are chosen at random, what is the 
probability that at least one is wearing a red shirt?

Problem 7: A bag contains 4 white, 3 black, and 2 green 
marbles. Two marbles are drawn at random without 
replacement. What is the probability that both are the 
same color?

Problem 8: A 3-digit number is formed by randomly 
selecting digits from 1 through 9 (no 0). What is the 
probability that all three digits are different?

Problem 9: A spinner is divided into 5 equal sectors 
numbered 1 through 5. If you spin it twice, what is the 
probability that the product of the two spins is even?

Problem 10: A fair 4-sided die is rolled three times. What 
is the probability that all three results are different?
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Retry: Prove that the number n3 + 2n is divisible by 3 
for any natural number n.

Problem 1: Prove that the number n5 + 4n is divisible 
by 5 for any natural number n.

Problem 2: Prove that the number n2 + 1 is not 
divisible by 3 for any natural number n.

Problem 3: Prove that the number n3 + 2 is not 
divisible by 9 for any natural number n.

Problem 4: Prove that the number n3 - n is divisible 
by 24 for any odd n.

Problem 5: Prove that the number n5 + 4n is divisible 
by 5 for any natural number n

Problem 6: Three prime numbers p, q, and r, all 
greater than 3, form an arithmetic progression: p = 
p, q = p + d, and r = p + 2d. Prove that d is divisible 
by 6.

Problem 7: Prove that if we decrease by 7 the sum of 
the squares of any three natural numbers, then the 
result cannot be divisible by 8.
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Problem	1:
Alice	runs	at	a	constant	speed	of	6	km/h.	Bob	walks	at	4	km/h	and	
starts	15	minutes	before	Alice.	How	many	minutes	after	Alice	starts	
will	she	catch	up	to	Bob?

Problem	2:
A	train	travels	60	km	at	a	speed	of	40	km/h	and	then	returns	over	the	
same	distance	at	a	speed	of	60	km/h.	What	is	the	train’s	average	
speed	over	the	entire	trip?

Problem	3:
A	cyclist	travels	from	town	A	to	town	B,	a	distance	of	48	km.	On	the	
way	to	B,	she	travels	at	12	km/h.	On	the	return	trip,	she	travels	at	16	
km/h.	What	is	her	average	speed	for	the	entire	trip?

Problem	4:
Two	cars	start	from	opposite	ends	of	a	300	km	road	and	travel	
towards	each	other.	One	car	travels	at	60	km/h,	the	other	at	40	
km/h.	How	many	minutes	will	it	take	before	they	meet?

Problem	5:
A	car	travels	for	2	hours	at	60	km/h,	then	for	3	hours	at	80	km/h.	
What	is	the	car’s	average	speed	for	the	entire	trip?

Problem	6:
A	bus	travels	from	City	A	to	City	B,	a	distance	of	150	km.	After	
traveling	for	2	hours,	it	takes	a	30-minute	break,	then	continues	at	a	
speed	20	km/h	faster	than	before.	If	the	total	trip	takes	4	hours	
including	the	break,	what	was	the	speed	before	the	break?

Problem	7:
Two	people	start	biking	toward	each	other	from	towns	that	are	120	
km	apart.	One	travels	at	25	km/h,	and	the	other	at	15	km/h.	After	1	
hour,	a	bird	starts	flying	from	one	biker	to	the	other	at	40	km/h,	
turning	around	each	time	it	reaches	one.	How	far	has	the	bird	flown	
when	the	bikers	meet?

Problem	8:
A	runner	completes	a	10	km	race	by	running	the	first	6	km	at	12	km/h	
and	the	last	4	km	at	8	km/h.	What	is	his	average	speed	for	the	whole	
race?

Problem	9:
Train	A	leaves	a	station	traveling	east	at	72	km/h.	Two	hours	later,	
Train	B	leaves	the	same	station	traveling	east	at	90	km/h.	After	how	
many	hours	from	Train	B’s	departure	will	it	catch	up	to	Train	A?

Problem	10:
A	man	drives	100	km	to	a	city.	On	the	way	there,	he	averages	50	
km/h	due	to	traffic.	On	the	way	back,	he	averages	100	km/h.	What	is	
his	average	speed	for	the	entire	round	trip?
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What does the triangle inequality say?

Problem 1. Prove that for any three points A, B, and C we have AC ≥|AB-BC|. 

Problem 2: Prove that the length of any side of a triangle is not more than half its perimeter. 

Problem 3: The distance from Leningrad to Moscow is 660 kilometers. From Leningrad to the town of 
Likovo it is 310 kilometers, from Likovo to Klin it is 200 kilometers, and from Klin to Moscow is 150 
kilometers. How far is it from Likovo to Moscow? 

Problem 4: Side AC of triangle ABC has length 3.8, and side AB has length 0.6. If the 
length of side BC is an integer, what is this length? 

Problem 5: Prove that the sum of the diagonals of a convex quadrilateral is less than the 
perimeter but more than half the perimeter. 

Convex quadrilateral: all angles in the quadrilateral < 180, sum of angles = 360

Homework:

Triangle Inequality Problem 1: Prove that the sum of the diagonals 
of a convex pentagon is greater than the perimeter but less than 
double the perimeter. 

Triangle Inequality Problem 2: Prove that the distance between any 
two points inside a triangle is not greater than half the perimeter 
of the triangle.

Triangle Inequality Problem 3: Find a point inside a convex 
quadrilateral such that the sum of the distances from the point to 
the vertices is minimal.

Problem 6: If point O is inside a triangle ABC, prove that AO + OC < AB + BC.

Maths Circle Junior - Triangle Inequality (Dec 7)
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quadrilateral such that the sum of the distances from the point to 
the vertices is minimal.

Problem 6: If point O is inside a triangle ABC, prove that AO + OC < AB + BC.
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Pythagorean Theorem:

Trigonometric functions:

Sine law:

Problem 1: In triangle ABC, angle C is a right angle, AB = 13, 
and AC = 5. Find the length of BC.

Problem 2: Triangle ABC has AB = 6, AC = 8, and angle A = 
90°. Find the length of BC.

Problem 3: In a triangle, one angle measures 30°, and the 
side opposite it has length 5. Another angle measures 90°. 
Find the length of the hypotenuse.

Problem 4: In right triangle XYZ with right angle at Y, angle 
X = 60°, and side opposite angle X is 10. Find the length of 
the hypotenuse.

Problem 5: A triangle has angles 30°, 60°, and 90°, and the 
length of the side opposite the 30° angle is 4. Find the 
length of the side opposite the 60° angle.

Problem 6: In triangle ABC, angle C is a right angle, and 
sin(A) = 3/5. If the hypotenuse is 20, find the length of the 
side opposite angle A.

Problem 7: A ladder 10 feet long leans against a wall and 
makes a 60° angle with the ground. How high up the wall 
does the ladder reach?

Problem 8: In triangle ABC, angle C is a right angle, and BC 
= 12, AC = 5. Find the tangent of angle B.

Problem 9: In triangle ABC, angle C is a right angle, and 
angle A is 45°. If AC = 7, find the length of AB.

Problem 10: In a triangle, one side measures 6, the 
adjacent angle is 30°, and the hypotenuse is 12. Find the 
sine of the angle opposite the side of length 6.
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Problem 1:
Solve for all real x:
(x² - 5x + 6) / (x² - 4) = 1

Problem 2:
Let f(x) = x³ - 3x + 1.
Find the sum of all real solutions to the equation 
f(f(x)) = 1.

Problem 3:
If x + 1/x = 4, find the value of x³ + 1/x³.

Problem 4:
Let a and b be real numbers such that a + b = 7 
and ab = 10. Find the value of a² + b².

Problem 5:
Solve for real x:
log₂(x² - 3x) = 3

Problem 6:
Let f(x) = 2x + 3 and g(x) = x². Find all x such that 
f(g(x)) = g(f(x)).

Problem 7:
Suppose x and y are real numbers such that x + y 
= 5 and x² + y² = 13. Find x⁴ + y⁴.

Problem 8:
Find the number of real solutions to the 
equation:
(x² - 2x + 2)(x² + 2x + 2) = 1

Problem 9:
Let r and s be the roots of the equation x² - 5x + 6 
= 0.
Find the value of r³ + s³.

Problem 10:
Solve for all real x:
2^(x + 1) + 2^(x - 1) = 20
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1. Grid Paths with Restrictions
A robot starts at (0,0) and moves to (6,4), only moving right or up. 
However, it cannot pass through the point (3,2). How many paths 
can the robot take?

2. Counting Arrangements with Restrictions
Seven students, including Alice and Bob, are to be seated in a row. 
If Alice must be seated to the left of Bob, how many different 
seating arrangements are possible?

3. Counting Subsets with a Sum Condition
How many subsets of {1,2,3,4,5,6,7,8,9} have a sum that is 
divisible by 3?

4. Arranging People in a Circle
Eight people are seated in a circle. In how many ways can they be 
arranged if two specific people must sit opposite each other?

5. Dividing Students into Groups
Ten students are to be split into three groups, such that each 
group contains at least one student. How many ways can this be 
done if the groups are unlabeled?

6. Digit Sum Problem
How many four-digit numbers have digits that sum to 10?

7. String Coloring Problem
A binary string of length 10 consists of only 0s and 1s. How many 
such strings have no two consecutive 1s?

8. Balls and Bins with Restrictions
Ten identical balls are placed into four distinct bins. How many 
ways can this be done if no bin can be empty?

9. Counting Paths with a Forbidden Move
A robot moves from (0,0) to (5,5), taking steps of (1,0), (0,1), or 
(1,1) (a diagonal step). However, the robot can never take two 
consecutive diagonal steps. How many valid paths exist?

10. Grid Coloring
A 3 × 3 grid is to be colored using 3 colors such that no two 
adjacent squares have the same color. How many valid colorings 
exist?
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Problem 1: There are five different teacups and three 
different tea saucers in the "Tea Party" store. How 
many ways are there to buy a cup and a saucer? 

Problem 2: There are five different teacups, three 
saucers, and four teaspoons in the "Tea Party" store. 
How many ways are there to buy two items with 
different names? 

Problem 3: We toss a coin three times. How many 
different sequences of heads and tails can we obtain?

Problem 4: How many ways are there to sew one 
three-colored flag with three horizontal strips of equal 
height if we have pieces of fabric of six colors? We can 
distinguish the top of the flag from the bottom

Problem 5: How many ways are there to put one white 
and one black rook on a chessboard so that they do 
not attack each other? 

Problem 6: How many ways are there to put one white 
and one black king on a chessboard so that they do 
not attack each other? 

Problem 7: How many three-digit numbers can be 
written using the digits 1, 2, and 3 (without 
repetitions) in some order? 

Problem 8: How many ways can I rearrange the letters 
in the word "Vector"?

Problem 9: How many ways can I rearrange the letters 
in the word "Trust"?

Problem 10: How many ways can I rearrange the 
letters in the word "Caravan"?

Problem 12: There are 20 towns in a certain country, 
and every pair of them is connected by an air route. 
How many air routes are there?

Problem 13: How many diagonals are there in a convex 
n-gon, where n is the number of sides/vertices?

Homework:

Problem 1: Jiwei and Hari entered a race. Hari finished 
the race in 4/5 of the time it took Jiwei to finish. The 
next time that they raced the same distance, Jiwei 
increased his average speed from the first race by x%, 
while Hari maintained the same average speed as in the 
first race. In this second race, Hari finished the race in 
the same amount of time that it took Jiwei to finish. 
Find x.

Problem 2: Each of the four digits of the integer 2024 is 
even. How many integers between 1000 and 9999, 
inclusive, have the property that all four of their digits 
are even?

Problem 3: In a survey, 100 students were asked if they 
like lentils and were also asked if they like chickpeas. A 
total of 68 students like lentils. A total of 53 like 
chickpeas. A total of 6 like neither lentils nor chickpeas. 
How many of the 100 students like both lentils and 
chickpeas?

Problem 4: Ellie’s drawer of hair clips contains 4 red 
clips, 5 blue clips, and 7 green clips. Each morning, she 
randomly chooses one hair clip to wear for the day. She 
returns this clip to the drawer each evening. One 
morning, Kyne removes k hairclips before Ellie can make 
her daily selection. As a result, the probability that Ellie 
chooses a red clip is doubled. Which of the following is a 
possible value of k?
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total of 68 students like lentils. A total of 53 like 
chickpeas. A total of 6 like neither lentils nor chickpeas. 
How many of the 100 students like both lentils and 
chickpeas?

Problem 4: Ellie’s drawer of hair clips contains 4 red 
clips, 5 blue clips, and 7 green clips. Each morning, she 
randomly chooses one hair clip to wear for the day. She 
returns this clip to the drawer each evening. One 
morning, Kyne removes k hairclips before Ellie can make 
her daily selection. As a result, the probability that Ellie 
chooses a red clip is doubled. Which of the following is a 
possible value of k?
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Problem 1: Find the smallest positive integer that 
leaves a remainder of 1 when divided by 2, a 
remainder of 2 when divided by 3, and a remainder of 
3 when divided by 5.

Problem 2: Determine how many positive integers 
less than 2000 are divisible by neither 5 nor 7.

Problem 3: A five-digit number is divisible by 9 and 
ends with two 7’s. What is the smallest such number?

Problem 4: Find the number of positive integers less 
than 10,000 that are divisible by 3 or 7 but not 
divisible by 5.

Problem 5: A number leaves a remainder of 3 when 
divided by 5 and a remainder of 5 when divided by 7. 
What is the least such positive integer?

Problem 6: What is the sum of all positive integers 
less than 1000 that are divisible by 8 and leave a 
remainder of 1 when divided by 3?

Problem 7: Find the largest three-digit integer that is 
divisible by 17 and whose digits are all distinct.

Problem 8: How many integers between 1000 and 
9999 are divisible by 11 and have all digits distinct?

Problem 9: Determine the smallest positive integer n 
such that both n and n+1 are products of exactly two 
distinct prime numbers.

Problem 10: Let N be the smallest positive integer 
such that 2N ends with the digits 444. Find N.
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Problem	1:
A	triangle	has	sides	13,	14,	and	15.	Find	its	area.

Problem	2:
In	a	regular	hexagon	with	side	length	6,	find	the	distance	between	two	
opposite	vertices.

Problem	3:
A	circle	has	a	chord	of	length	8	that	is	3	units	away	from	the	center.	
Find	the	radius	of	the	circle.

Problem	4:
In	a	right	triangle,	the	altitude	to	the	hypotenuse	is	6,	and	one	leg	is	8.	
Find	the	other	leg.

Problem	5:
A	square	has	side	length	10.	A	circle	is	inscribed	in	it.	Find	the	area	of	
the	region	inside	the	square	but	outside	the	circle.

Problem	6:
Two	circles	of	radius	5	overlap	so	that	the	distance	between	their	
centers	is	6.	Find	the	area	of	their	intersection.

Problem	7:
A	triangle	has	vertices	A(0,	0),	B(6,	0),	and	C(2,	5).	Find	the	length	of	
the	median	from	A.

Problem	8:
In	an	acute	triangle	ABC,	AB	=	13,	BC	=	14,	and	AC	=	15.	Find	the	
length	of	the	altitude	from	B.

Problem	9:
A	regular	tetrahedron	has	edges	of	length	1.	Find	its	volume.

Problem	10:
A	cylinder	has	radius	r	and	height	h	such	that	its	total	surface	area	
equals	its	volume.	Find	h	in	terms	of	r.
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Problem 1: In triangle ABC, AB = 13, BC = 14, and AC = 
15. Let D be the foot of the altitude from A to BC. What 
is the length of AD?

Problem 2: A circle is inscribed in a right triangle with 
legs 7 and 24. What is the radius of the circle?

Problem 3: A regular hexagon is inscribed in a circle of 
radius 12. What is the area of the hexagon?

Problem 4: A square and an equilateral triangle have 
equal perimeters. If the square has side length 12, what 
is the area of the triangle?

Problem 5: Let ABCD be a square. Points E and F lie on 
sides AB and BC respectively such that AE = BF = 1. 
Segment EF intersects diagonal AC at point X. What is 
the ratio of the area of triangle AEX to the area of 
triangle CFX?
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Problem 1:
In triangle ABC, angle A is 60 degrees and AB = AC = 10. Find the length 
of BC.

Problem 2:
A circle is inscribed in a square. A second square is inscribed in that 
circle. What is the ratio of the area of the smaller square to the larger 
square?

Problem 3:
A triangle has side lengths 13, 14, and 15. Find the area of the triangle.

Problem 4:
Let A(0, 0), B(6, 0), and C(0, 8) be the vertices of triangle ABC. Find the 
radius of the circle inscribed in triangle ABC.

Problem 5:
In a regular hexagon, what is the ratio of the area of an equilateral 
triangle formed by connecting every other vertex to the area of the 
hexagon?

Problem 6:
A right circular cone has height 12 and radius 5. A smaller cone is 
sliced from the top, similar to the original, such that its height is 6. 
What is the volume of the smaller cone?

Problem 7:
A trapezoid has bases of lengths 10 and 20, and height 6. A line 
parallel to the bases divides the trapezoid into two regions of equal 
area. How far from the longer base is the line?

Problem 8:
A circle has center O and radius r. A point A lies outside the circle such 
that the length of the tangent from A to the circle is 12 and the 
distance from A to O is 13. Find r.

Problem 9:
A square has side length 10. A circle is inscribed in the square, and a 
smaller square is inscribed in the circle. What is the area of the smaller 
square?

Problem 10:
In a triangle, the medians have lengths 5, 6, and 7. Find the area of the 
triangle.
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Median and centroid of a triangle:

Perpendicular bisector and circumcenter:

Altitude and orthocenter:

Problem 1: Prove that the length of median AM in triangle ABC is greater than 
(AB+ AC - BC)/2. 

Problem 2: In triangle ABC the median AM is longer than half of BC. Prove 
that angle BAC is acute. 

Problem 3: ABCD is a convex quadrilateral and AB+ BD < AC

Problem 4: Is it possible for some five-pointed star ABCDEFGHIK  to satisfy the 
inequalities: AB > BC, CD> DE, EF > FG, GH > HI, IK >KA? 

Problem 5: A point is selected on each side of a square. Prove that the 
perimeter of the quadrilateral formed by these points is no less than twice 
the length of the square's diagonal. 
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What is a graph?
Collection of vertices joined by edges

What do we mean by the degree of a vertex?
Number of edges that are connected to it

What is isomorphism?
- Same number of vertices
- Each vertex is connected to the same number of vertices
- Connected to the exact same vertices

Problem 1: Prove that there does not exist a graph with 5 vertices with 
degrees equal to 4, 4, 4, 4, and 2.

Problem 2: There are 101 towns in Forestland. Some of them are 
connected by roads, and each pair of towns is connected by one and 
only one simple path. How many roads are there?

Pendant vertex: vertex with degree of 1

Problem 3: A volleyball net has the form of a rectangular lattice with 
dimensions 50 x 600. What is the maximum number of unit strings you 
can cut before the net falls apart into more than one piece?

Problem 4: Is it true that two graphs must be isomorphic, if 
a) they both have 10 vertices and the degree of each equals 9? 
b) they both have 8 vertices and the degree of each equals 3? 
c) they are both connected, without cycles, and have 6 edges?

Problem 5: There are 100 towns in a country and some of them 
are connected by airlines. It is known that one can reach every 
town from any other (perhaps with several intermediate stops). 
Prove that you can fly around the country and visit all the towns 
making no more than a) 198 flights; b) 196 flights. 

Problem 6: There are 7 lakes in Lakeland. They are 
connected by 10 canals so that one can swim through the 
canals from any lake to any other. How many islands are 
there in Lakeland? 

Problem 7: There are 20 points inside a square. They are 
connected by nonintersecting segments with each other 
and with the vertices of the square, in such a way that the 
square is dissected into triangles. How many triangles do 
we have? 

Homework:

Graphs Problem 1: There are 100 circles forming a connected figure on 
the plane. Prove that this figure can be drawn without lifting the pencil 
off the paper or drawing any part of any circle twice. 

Graphs Problem 2: There are 50 scientists at a conference and each of 
them is acquainted with at least 25 of the others. Prove that there are 
four of them who can be seated at a round table so that each of them has 
two acquaintances for neighbors.

Miscellaneous Problem 1: Is it possible to arrange six long round pencils 
so that each of them touches all the others?

Miscellaneous Problem 2: Matches are arranged to form the figure 
shown on the right. Move two matches to change this figure into four 
squares with sides equal in length to one match. 

Miscellaneous Problem 3:  Three tablespoons of milk from a glass of milk 
are poured into a glass of tea, and the liquid is thoroughly mixed. Then 
three tablespoons of this mixture are poured back into the glass of milk. 
Which is greater now: the percentage of milk in the tea or the percentage 
of tea in the milk?
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Problem 1: Find all natural numbers equal to the 
sum of the factorials of their digits. 

Problem 2: Prove that among any 39 consecutive 
natural numbers one can find a number, the sum of 
whose digits is divisible by 11. 

Problem 3: Does there exist a two-digit number 
whose square ends in the same two digits, but in 
the reverse order?

Problem 4: Find all natural numbers n such that the 
number nn + 1 is prime and has no more than 19 
digits. 

Problem 5: The fourth power of a natural number 
is written with the digits 0, 1, 4, 6, 7, 9 in some 
order. Find this number. 

Problem 6: Integers a, b, and c are given, and it is 
known that ax2 + bx+ c is divisible by 5 for any 
integer x. Prove that a, b, and c are themselves 
divisible by 5.
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Problem 1: The numbers 1, 2, 3, ... , 19, 20 are written on a 
blackboard. It is allowed to erase any two numbers a and b 
and write the new number a + b - 1. What number will be 
on the blackboard after 19 such operations?

Problem 2: The numbers 1, 2, ... , 20 are written on a 
blackboard. It is permitted to erase any two numbers a and 
b and write the new number ab + a + b. Which number can 
be on the blackboard after 19 such operations? 

Problem 3: There are six sparrows sitting on six trees, one 
sparrow on each tree. The trees stand in a row, with 10 
meters between any two neighboring trees. If a sparrow 
flies from one tree to another, then at the same time some 
other sparrow flies from some tree to another the same 
distance away, but in the opposite direction. Is it possible 
for all the sparrows to gather on one tree? What if there 
are seven trees· and seven sparrows?

Problem 4: There are 13 gray, 15 brown, and 17 red 
chameleons on Chromatic Island. When two chameleons of 
different colors meet they both change their color to the 
third one (for instance, gray and brown both become red). 
Is it possible that after some time all the chameleons on 
the island are the same color?

Problem 5: In an 8 x 8 table one of the boxes is colored 
black and all the others are white. Prove that one cannot 
make all the boxes white by recoloring the rows and 
columns. "Recoloring" is the operation of changing the 
color of all the boxes in a row or in a column. 

Problem 6: Solve the same problem for an 8 x 8 table if 
initially all four corner boxes are black and all the others 
are white. 

What is an invariant?
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What is an invariant?
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Problem	1:
If	log₂(x)	=	5,	what	is	the	value	of	x?

Problem	2:
Simplify:	log₃(81)	−	log₃(3)

Problem	3:
Evaluate:	log₅(25)	+	log₅(1/5)

Problem	4:
If	log₄(x)	=	3,	express	log₂(x)	in	terms	of	integers.

Problem	5:
Solve	for	x:	log₂(x²	−	1)	=	3

Problem	6:
If	log₁₀(x)	+	log₁₀(x	−	9)	=	2,	find	x.

Problem	7:
If	logₐ(b)	=	2	and	log_b(c)	=	3,	find	logₐ(c)

Problem	8:
Given	that	log₇(x)	=	a	and	log₇(y)	=	b,	express	log₇(x²	/	√y)	in	
terms	of	a	and	b.

Problem	9:
Solve	for	x:	log₃(x)	+	log₃(x	−	2)	=	1

Problem	10:
If	log₂(x)	=	3	and	log₄(y)	=	2,	what	is	the	value	of	log₂(xy)?
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Problem	1:
What	is	the	remainder	when	7^2025	is	divided	by	100?

Problem	2:
A	square	and	a	circle	have	the	same	area.	What	is	the	
ratio	of	the	side	length	of	the	square	to	the	radius	of	the	
circle?

Problem	3:
Let	x	be	a	real	number	such	that	x	+	1/x	=	4.	What	is	the	
value	of	x^2	+	1/x^2?

Problem	4:
How	many	4-digit	numbers	have	digits	that	are	strictly	
increasing	from	left	to	right?

Problem	5:
A	box	contains	4	red	balls,	3	blue	balls,	and	2	green	balls.	
Two	balls	are	drawn	without	replacement.	What	is	the	
probability	both	are	the	same	color?

Problem	6:
A	function	f	satisfies	f(x	+	1)	=	2f(x)	for	all	real	x,	and	f(0)	
=	3.	What	is	f(5)?

Problem	7:
The	sum	of	the	interior	angles	of	a	regular	polygon	is	
1440	degrees.	How	many	sides	does	it	have?

Problem	8:
In	how	many	ways	can	5	identical	balls	be	distributed	
into	3	distinct	boxes	so	that	no	box	is	empty?

Problem	9:
Let	a	and	b	be	positive	integers	such	that	the	least	
common	multiple	of	a	and	b	is	84	and	the	greatest	
common	divisor	is	6.	What	is	ab?

Problem	10:
How	many	integers	between	1	and	1000	inclusive	are	
divisible	by	neither	2,	3,	nor	5?

Maths	Circle	Senior	- Miscellaneous
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Problem 1: Prove that the equality l/a + l/b + l/c + l/d + l/e + 1/f = 1 has 
no solutions in odd natural numbers. 

Problem 2: Eight rooks are placed on a chessboard so that none of 
them attacks another. Prove that the number of rooks standing on 
black squares is even.

Problem 3: Is it possible to place 20 red and blue pawns around a circle 
in such a way that a blue pawn is standing on the point opposite to 
any red pawn, and no two of the blue pawns are neighbors?

Problem 4: Points A and B are chosen on a straight line. Then 1001 
other points are chosen outside segment AB, and these are colored 
red and blue. Prove that the sum of the distances from A to the red 
points and from B to the blue points is not equal to the sum of the 
distances from B to the red points and from A to the blue points.

Problem 5: There are ten pairs of cards with the numbers 0, 0, 1, 1, ... , 
8, 8, 9, 9 written on them. Prove that they cannot be laid in a row so 
that there are exactly n cards between any two cards with equal 
numbers non them {for all n = 0, 1, ... , 9).

Problem 6: Twenty points, which form a regular 20-gon, are chosen on 
a circle. Then they are split into ten pairs, and the points in each pair 
are connected by a chord. Prove that some pair of these chords have 
the same length.

Maths Circle Senior - Miscellaneous Problems
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Problem 1:
Find all real solutions to the equation:
x + √(4x + 13) = 5

Problem 2:
Let f(x) = x² - 6x + 11. Find the minimum value of f(x).

Problem 3:
How many integers between 1 and 1000 inclusive are 
divisible by 3 or 5 but not by 15?

Problem 4:
Let a and b be positive integers such that a² + b² = 100. Find 
all possible values of a + b.

Problem 5:
Find the number of distinct four-digit numbers that can be 
formed using the digits {1, 2, 3, 4, 5} without repetition 
such that the number is divisible by 5.

Problem 6:
Let f(x) = x³ - 3x + 1. Find all real roots of f(x) = 0.

Problem 7:
A 6-sided die is rolled three times. What is the probability 
that the three rolls are all different?

Problem 8:
If x + 1/x = 4, find the value of x² + 1/x².

Problem 9:
In triangle ABC, AB = AC and angle A = 80°. Find the 
measure of angle B.

Problem 10:
A function f satisfies f(x + y) = f(x) + f(y) and f(1) = 2. Find 
f(2025).
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Problem 3: Mrs. Walter gave an exam in a mathematics class 
of five students. She entered the scores in random order into 
a spreadsheet, which recalculated the class average after each 
score was entered. Mrs. Walter noticed that after each score was 
entered, the average was always an integer. The scores (listed in 
ascending order) were 71, 76, 80, 82, and 91. What was the last 
score Mrs. Walter entered?

Problem 4: Which digits must we substitute for a 
and b in 30a0b03 so that the resulting integer is 
divisible by 13?

Problem 5: For how many positive integral values of 
x ≤ 100 is 3x − x2 divisible by 5?

Maths Circle Senior - Modular Arithmetic
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Problem 1: A fly sits on one vertex of a wooden cube. What is the shortest path it can 
follow to the opposite vertex?

Problem 2: A fly sits on the outside surface of a cylindrical drinking glass. It must crawl to 
another point, situated on the inside surface of the glass. Find the shortest path possible 
(neglecting the thickness of the glass).

Problem 3: A woodsman's hut is in the interior of a peninsula which has the form of an 
acute angle. The woodsman must leave his hut, walk to one shore of the peninsula, then 
to the other shore, then return home. How should he choose the shortest such path?

Problem 4: Prove that a convex polygon cannot have three sides, each of which is 
greater than the longest diagonal. 

Problem 5: Prove that a convex pentagon (that is, a pentagon whose diagonals all lie 
inside the figure) has three diagonals which can form a triangle.

Problem 6: Two villages lie on opposite sides of a river whose banks are parallel lines. A 
bridge is to be built over the river, perpendicular to the banks. Where should the bridge 
be built so that the path from one village to the other is as short as possible? 

Problem 7: Prove that the perimeter of a triangle is not greater than 4/3 the sum of its 
medians. (centroid divides a median in the ratio 2:1) 

Maths Circle Senior - More Triangle Inequality (Dec 15)
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Problem 1: A fly sits on one vertex of a wooden cube. What is the shortest path it can 
follow to the opposite vertex?

Problem 2: A fly sits on the outside surface of a cylindrical drinking glass. It must crawl to 
another point, situated on the inside surface of the glass. Find the shortest path possible 
(neglecting the thickness of the glass).

Problem 3: A woodsman's hut is in the interior of a peninsula which has the form of an 
acute angle. The woodsman must leave his hut, walk to one shore of the peninsula, then 
to the other shore, then return home. How should he choose the shortest such path?
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medians. (centroid divides a median in the ratio 2:1) 

Maths Circle Senior - More Triangle Inequality (Dec 15)
Sunday, December 15, 2024 9:21 AM



Problem 1: A fly sits on one vertex of a wooden cube. What is the shortest path it can 
follow to the opposite vertex?

Problem 2: A fly sits on the outside surface of a cylindrical drinking glass. It must crawl to 
another point, situated on the inside surface of the glass. Find the shortest path possible 
(neglecting the thickness of the glass).

Problem 3: A woodsman's hut is in the interior of a peninsula which has the form of an 
acute angle. The woodsman must leave his hut, walk to one shore of the peninsula, then 
to the other shore, then return home. How should he choose the shortest such path?

Problem 4: Prove that a convex polygon cannot have three sides, each of which is 
greater than the longest diagonal. 

Problem 5: Prove that a convex pentagon (that is, a pentagon whose diagonals all lie 
inside the figure) has three diagonals which can form a triangle.

Problem 6: Two villages lie on opposite sides of a river whose banks are parallel lines. A 
bridge is to be built over the river, perpendicular to the banks. Where should the bridge 
be built so that the path from one village to the other is as short as possible? 

Problem 7: Prove that the perimeter of a triangle is not greater than 4/3 the sum of its 
medians. (centroid divides a median in the ratio 2:1) 

Maths Circle Senior - More Triangle Inequality (Dec 15)
Sunday, December 15, 2024 9:21 AM



Problem	1:
How	many	integers	between	1	and	1000	are	divisible	by	5	but	not	divisible	
by	7?

Problem	2:
Find	the	smallest	positive	integer	n	such	that	13n	≡	1	mod	100.

Problem	3:
Let	S	be	the	sum	of	all	positive	integers	less	than	100	that	are	relatively	
prime	to	100.	Find	S.

Problem	4:
How	many	integers	1	≤	n	≤	1000	satisfy	that	n^2	≡	1	mod	8?

Problem	5:
Let	p	and	q	be	primes	such	that	p	+	q	=	100.	How	many	such	(unordered)	
pairs	(p,	q)	exist?

Problem	6:
Let	N	be	a	positive	integer	such	that	N	mod	3	=	2,	N	mod	4	=	3,	and	N	mod	5	
=	4.	What	is	the	smallest	such	N?

Problem	7:
A	number	has	the	property	that	when	written	in	binary	and	reversed,	its	
value	doubles.	What	is	the	smallest	such	number?

Problem	8:
Find	the	number	of	positive	integers	less	than	1000	whose	base-8	
representation	ends	with	the	digit	5.

Problem	9:
Let	A	be	the	3-digit	hexadecimal	number	“1F4”.	Convert	A	to	base-10	and	
then	to	binary.

Problem	10:
Let	N	be	a	positive	integer	such	that	its	binary	representation	is	11011.	Find	
N	in	base	10	and	base	8.
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Problem 1: Prove that there exist two powers of two which 
differ by a multiple of 1987. 

Problem 2: Prove that every integer > 6 can be represented as a 
sum of two integers > 1 which are relatively prime. 

Problem 3: Prove that if a and b are different integers, then 
there exist infinitely many positive integers n such that a + n and 
b + n are relatively prime. 

Problem 4: Prove that for every integer k the numbers 2k+l and 
9k+4 are relatively prime, and for numbers 2k-l and' 9k+4 find 
their greatest common divisor as a function of k. 

Problem 5: Prove that for every positive integer s there exists a 
positive integer n with the sum of digits (in decimal system) 
equal to s which is divisible by s. 
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Problem 1: A 7×7 grid has numbers 1 through 49 placed in 
each square. Every time a number is even, it is painted red. 
What is the minimum number of rows that must contain 
an even number?

Problem 2: A sequence is defined by a₁ = 1, and for n ≥ 1, 
aₙ₊₁ = aₙ + n. What is the parity of a₁₀₀?

Problem 3: Let n be the smallest positive integer such that 
1² + 2² + 3² + ... + n² is divisible by 100. What is the parity 
of n?

Problem 4: You have 13 coins, each showing either heads 
or tails. You are told that at least one coin is heads. Every 
minute, you flip all coins showing heads and exactly one 
tails coin of your choice. Can all coins eventually show 
tails?

Problem 5: Let n be a positive integer such that when n is 
divided by 4, the remainder is 1, and when n is divided by 
6, the remainder is 3. What is the parity of the least such 
n?

Problem 6: A function f is defined on the integers such that 
f(n) = f(n−1) + f(n−2), with f(1) = 1 and f(2) = 3. What is the 
parity of f(2024)?

Problem 7: Let n be the smallest positive integer such that 
n leaves a remainder of 1 when divided by 2, a remainder 
of 2 when divided by 3, ..., and a remainder of 9 when 
divided by 10. What is the parity of n?

Problem 8: A 10×10 grid has 100 lights, all initially off. You 
press every button in row 1, then every button in row 2, 
and so on, until row 10. Each button toggles the light in its 
cell and its four neighbors (up, down, left, right). After all 
presses, how many lights remain on?

Problem 9: Let a and b be integers such that a² ≡ b² mod 
2⁰. What is the parity of a − b?

Problem 10: A circle has 2025 equally spaced points. How 
many distinct chords can be drawn connecting pairs of 
points such that the number of points between the 
endpoints is even?
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Problem 1:
In a group of 13 people, each person is assigned a 
birthday month (January to December). Prove 
that at least two people must share the same 
birthday month.

Problem 2:
A drawer contains 10 black socks, 12 white socks, 
and 8 gray socks, all mixed together. What is the 
minimum number of socks you must pull out (in 
the dark) to guarantee that you have at least two 
socks of the same color?

Problem 3:
You select 51 numbers from the set {1, 2, 3, ..., 
100}. Prove that there exist two numbers such 
that one divides the other.

Problem 4:
A list of 20 integers is made, each of which is 
from the set {1, 2, ..., 35}. Show that at least two 
numbers in the list differ by less than 2.

Problem 5:
In a room of 20 people, each person shakes hands 
with at least one other person. Prove that at least 
two people have shaken hands the same number 
of times.

Problem 6:
From the set {1, 2, 3, ..., 18}, select any 10 
integers. Prove that two of the selected integers 
must add to 19.

Problem 7:
You randomly place 11 rooks on an 8×8 
chessboard. Prove that at least two rooks must 
attack each other.

Problem 8:
A school has 200 students, and each student has 
selected one of the 12 zodiac signs. Prove that at 
least 17 students have the same sign.

Problem 9:
If 8 points are placed inside a square of side 
length 2, prove that at least two points are within 
√2 units of each other.

Problem 10:
Each of the numbers from 1 to 100 is colored 
either red, blue, or green. Prove that there exists 
two numbers of the same color such that one 
divides the other.
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Problem 1: A 5-digit number is formed by randomly 
arranging the digits 1 through 5. What is the probability that 
the number is divisible by 4?

Problem 2: A fair coin is tossed repeatedly until either two 
heads in a row or two tails in a row appear. What is the 
probability that this process ends with two heads?

Problem 3: Two positive integers less than or equal to 100 
are chosen at random. What is the probability that they are 
relatively prime?

Problem 4: A fair 6-sided die is rolled repeatedly until the 
sum of the rolls is greater than or equal to 12. What is the 
probability that exactly three rolls are needed?

Problem 5: Two distinguishable standard 6-sided dice are 
rolled. What is the probability that the product of the 
numbers showing is a multiple of 6?

Problem 6: Let S be the set of all 3-digit numbers with 
distinct digits. What is the probability that a randomly 
chosen number from S is divisible by 5?

Problem 7: A bag contains 4 red balls and 6 green balls. Two 
balls are drawn at random without replacement. What is the 
probability that the two balls are of different colors?

Problem 8: Alice and Bob each flip a fair coin 5 times. What 
is the probability that they both get the same number of 
heads?

Problem 9: A drawer contains 3 pairs of indistinguishable 
socks: 1 red, 1 blue, and 1 green. If two socks are drawn at 
random without replacement, what is the probability they 
form a matching pair?

Problem 10: Three cards are drawn at random without 
replacement from a standard deck of 52 cards. What is the 
probability that all three cards are of the same suit?

Maths Circle Senior - Probability
Saturday, April 19, 2025 11:14 PM
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Problem	1:
Prove	that:
sin(x)	*	tan(x)	=	sin²(x)	/	cos(x)

Problem	2:
Simplify	the	expression:
(cos(x)	+	sin(x))²	+	(cos(x)	- sin(x))²

Problem	3:
Prove	that:
(1	- sin²(x))	*	(1	+	tan²(x))	=	cos²(x)	*	sec²(x)

Problem	4:
Prove	the	identity:
1	/	(1	- sin(x))	+	1	/	(1	+	sin(x))	=	2	*	sec²(x)

Problem	5:
Simplify:
sin(x)	*	csc(x)	+	cos(x)	*	sec(x)

Problem	6:
Prove:
(tan(x)	+	cot(x))²	=	sec²(x)	+	csc²(x)	+	2

Problem	7:
Simplify	the	expression:
(sec(x)	- tan(x))	*	(sec(x)	+	tan(x))

Problem	8:
Prove:
cos(x)	/	(1	- sin(x))	+	cos(x)	/	(1	+	sin(x))	=	2	*	sec(x)

Problem	9:
Prove	the	identity:
1	+	tan(x)	=	sin(x)	/	(cos(x)	- sin(x)	*	tan(x))

Problem	10:
Simplify	the	expression:
(sec²(x)	- 1)(csc²(x)	- 1)

Maths	Circle	Senior	- Trigonometry
Sunday,	July	20,	2025 9:34 AM



Trigonometric Ratios:

Trigonometric Identities:

Sine and Cosine Law:

Problem 1: In triangle ABC, angle A is 30 degrees, side b = 
8, and side c = 10. Find the length of side a.

Problem 2: Evaluate the exact value of sin(75°) using 
angle sum identities.

Problem 3: Given that sin(x) + cos(x) = √2, find the exact 
value of sin(2x).

Problem 4: In triangle XYZ, angle Y is 120 degrees, side x = 
7, and side z = 9. Use the Law of Cosines to find the length 
of side y.

Problem 5: Find the general solution to the equation 
2sin(x)cos(x) = 1.

Problem 6: Let sin(A) = 3/5 with A in the first quadrant. 
Find the exact value of sin(2A) and cos(2A).

Problem 7: Solve for x in the interval [0, 2π): 2sin²(x) -
3sin(x) + 1 = 0.

Problem 8: If tan(θ) = 3 and θ is in the second quadrant, 
find sin(2θ).

Problem 9: Prove the identity: (1 - sin²x)(1 + tan²x) = cos²x 
+ sin²x.

Problem 10: In triangle PQR, sides p = 5, q = 7, and angle 
R = 60 degrees. Find the area of triangle PQR.

Maths Circle Senior - Trigonometry
Saturday, May 10, 2025 10:56 PM
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Problem	1
Prove	that:
sin²(θ)	+	cos²(θ)	=	1

Problem	2
Prove	that:
1	+	tan²(θ)	=	sec²(θ)

Problem	3
Prove	that:
1	+	cot²(θ)	=	csc²(θ)

Problem	4
If	tan(θ)	=	3/4	and	θ	is	in	Quadrant	I,	find	sin(θ)	and	cos(θ).

Problem	5
If	sin(θ)	=	5/13	and	θ	is	in	Quadrant	I,	find	the	value	of	cos(θ).

Problem	6
Simplify	the	expression:
[sin(θ)	/	(1	+	cos(θ))]	+	[sin(θ)	/	(1	- cos(θ))]

Problem	7
If	sin(θ)	=	3/5	and	θ	is	in	Quadrant	I,	find	the	value	of	tan(θ).

Problem	8
Simplify	the	expression:
(1	- cos²(x))	/	sin(x)

Problem	9
Prove	the	identity:
1	/	(1	+	tan²(x))	=	cos²(x)

Maths	Circles	Junior	- Trigonometry
Friday,	July	18,	2025 6:14 PM



Maths Circle Senior - Sequences and series

-

1) A sequence is defined by a. = 2 , any
= ant3.

Find 9
so

a +(n - 1)d

= 2 + (n -13

= 2 + (50 -133

=2 + 44933

= 2 + 141

=Ti

2)Solve & -> summation

teppi.
(signal

= (1 -y + ( / -Y) +y..
-
- -(7) E

- i)

= 1-

= 2

3) a = 7
,
a
,s
= 49 of an A .D

.,
find Sis

=(1 +ya) = 1s(24) =D

4) The sequence by is defined by

3
,

= 1
, bar1

= but
n

Find the intclosestob modify it approximation



~ths Circle Senior - Probability

17 A fair 6-sided dice was rolled . What is the expected value

of the
square of the number rolled?

12 + (273 .... + j

E(x) = &PS) =
6

- I

2) From a standard S2 card deck
,

if I card is drawn
,

what is

the expected value of the number of the card?

Suits -> diamond
, clover , spades, heatasis 13

1
, 2,3.... 10

,
11

,
12

,13

1
,
2

,
3, .....,73

E(X)=D

2) Events A and B are independent with PLANB) = 0 . 2 and

P(A' 1 B) = 0 . 6.

a) Find P(B) b) Find P/AUB)

↑ (AMB) = P(A) xp(B)
0 . 2 = PJA) X 0 .8

..03.So ↑ (A) = 0 .25

P(AVB) = 0
.
6+ 0

.25 = 0.85

A = 0.25
B

0 . 6 + 0.2 = 0 .8



-athsCircle Senior - Probability 2

1) Let A and B be independent events , where PSA)=0.6 and P(B)= X.

a) Write down an expression for PCA1B) in terms ofa

↑ (A) xP(B)= P(A1B) = 0 .62

b) given that ↑ (AVB) = 0 .8

(i) Find n. !0 .8 = 0 . 6 + x - 0 .62

u = 0.5

(ii) Find PCAMB).
PJA1B) = 0 .

3

1) Explain why these events are NOT mutually exclusive.
PJA1B) 70

2) Bill and Andrea play 2 games of tennis . the probability that Bill wins the Buins
-

Awinsfirst
game is .

If Bill wins the first game , the probability that he wins
i B wins

I Brins

the second game is 5 . If he loses the first game , the probability that he wins
Awirs

Anins

the second game is
3
.

&Diagram -

a) Find the probability that Bill wins the first game and Andrea wins the second.

x(1-3) = * E : De
b) Find the probability that Bill wins at least one game.

(5)(5) + (5)(j) + (5)(5) = a
2) Given that he has won at least I game , find the probability that he wins both

PCAIB) =DA



3) Y

T history economics-n a group
of 20 girls , 13

take history , 8 take economics , and

3 take both
. 3

P

at Si) Find p. (ii) Find q
p+ 3

= 13 ptq+ 375
= 20

q
p = 10 q

= 2

b) A girl is selected at random. Find the probability that she takes economics

but not history.

1 - 5 = 5 = 4



Maths Circle Senior - Miscellaneous

1) remainder when I' +201 is divided by C + c+ 1 ?

Hint :

to
201

- Zetzurizi
+4x +zu

-

So - 2 m2 +zn + 202

2. 2100 + 7 . y5 + / mi
Let n = Z

= 4x" + 202

2x2 + 2x + 1

2) What are the last 2 digits of 7
2018

?

Fal

3) If
y

+ Y = 3023
,

x + 4 = (y - 27
,

x + y ,
2 + y2 = ?

Hint : first subtract equations ,
then add them

⑫ x -y - 4x + 4y =

y
- x

(0" - -3) = 3(x -4)

(uty)(n() = 35n/)
x + y

= 3

add 12 t
2
- 4x -1y+8 = n + y + 8

u2 +y2 = g(u +y]

= <(3)

15



Maths Circle Senior - Geometry
~

1) A circle with center 0 and radius S istungent to both awes in

the first quadrant. Find the equation of the circle.

(n -5) + (y -3) = 25

2The points A (0
,07 B(6

,
0) and C (2 , 4) form an isosceles

triangle· Find all values of u
.

x ELE= +2
Ac = BC or AB = AS

~ =<simpliea
As" = n2+ 4

<

F
B2

=
= (x - 5)2 + 42

x= (n-6) - -.

&

⑮ J &

3) Squarehas vertices AC0
,
0)

,
B(a,0) <Ja ,

a)
,

D(0,4)
·

Find the distance from A to the line passing through

the midpoints of BC and CD
. I

M (a,) N(a ,a) 2-3 -
-1/a)"Tor

y
= -x+

~

Mm= =

#
-

closest distance from

point to line d
art by +== 0 (2,, 41)



4) Chords AB and CD of a circle intersect at point E

inside the circle. Find ED if AE=3
,
CE = /

,
EB =2

.

EDX1 = 3 x2

ED= 6

D

C

5) Points A(1,2) BJ5 ,3) and ((2,
27 are vertises for parallelogram ABCD.

Find coordinates of D and area of parallelogram. D(k ,,(b)

* (1 , 2) = ( ,)

(u , ye = ()

(d) 14p) = ( -2
,6)

Area= 19



~s Circle Senior - Geometr

If the side length of heragon is 6,

"Eiy, then and the area of theshaded

& 1120
region.

Formula for angle forregularpolygon : (n-2((180)
Ex) = 2 circles , v = 3

area of circles = 1.32x2 = 181 ->- Bi

3x6 ↑

s total area of

heragon

:, area of shaded region = 545-181

2) Triangle ABC with AB=58 and AC =10 has area RO . Let
D be the midpoint of AB and E be the midpoint of A).
the angle bisector of LBAC intersects DE and BC at
↑ and G

, respectively . What is the area of FDBG?





Maths Circles Senior-Joordinate Geomet

-

17 Find distance between (1 , -2) and En-4y = 20 ·

(P , 4) (An +By + 170

d=
: Es

2) Find the area of a triangle with verticesJ0,
07
,
14,07 , (2,6) .

Je
,, 4 , 7 (121427 (13 ,4)

Area = :14. St-1g) + Pals-2 .

7 + 43(4142)/

= (a4]

=Da

3) Circle with center (2 , 3) and radius 5 is tangent to a line y
: must!

Find all possible values of m.
lucky

-guess
mx -y +

) = 0

method

-

d= Im l :
:
21m28m+2 1 = 0

D = 8
2
- 4/217(21) O

Montrealsolutions

4) Find soordinates of the reflection of 13
,
47 across y

= c .

(4,37

number of

5) Find /integer lattice points in or on the circle uty" = IS

40 +Ho+ 1 =&

6) Find points of intersection
between uty = 25 and y

=2xH

*



#Circle Senior - Combinatorics

1) Two fair 6-sided dice are rolled. What is the probability

that the product is divisible by 6 but not by 9 ?

2 &3

Case 1 : one die divisible by 6

66-1 = 11 outcomes↓

Case 2 : One die [2, 43 ,
533

4 & Probabilityt
#15
53, 33 ,

56,33
,
53, 33

,
36,83 23 4

:11
↑

2) 7 people sit at a circular table · 2 of them (A&B) refuse to

sit next to each other. How many distinct seatings are there?

Crotations are identical , reflections are distinct)

circle : (3-1)! = 720

· AB

() - 1) ! = 120
&

-

120 xG =240

220-240-po

3) From 10 men and 9 women
,
asommitee of 6 is chosen. How many

commitees contain at least 3 women without having all members being a woman
?



·o
#

4) What is the coefficient of " in the expansion of Cutetr +is ?

[S720]



~Circle Junior - Miscellaneous

12 Simplify (29th)(44)
ga

4 = 22
,
8 =23

\u+)(2)state o

2) If f(x) = 22-6x +5
,
find the minimum value of f(x) .

f(x)= a(x - ni + 44

·a -Tab

b=3 ,b=9

x6n +9 - 4

-Y
minimum value= a(x-4)

2
+ k

a= 1
, h = 3 ,

k=4



3) Find all integersn such that noten +2 is divisible by 5 .
a = n

, / first termn2 +2n+2
& = common differencen -Sn - 23

,8, 13,... , next

~ 4
,
9
,
1%.. = 5n - 1 next

~ belongs iM
11 -
3
,
8
,
13
,
18
,
---- -

-

↓
a + (n- 1)d·
55 5 integers

A, a + d , a +21 , a+3d, ...., at(-1d

111x
1 . s nih term

at (n- 1)d

↓
3 + (n- 1)(5)

= 3 + 5n - 5

= Sn-2

4) A line passes through points ACI
,
2) and BCS , 10) · What

is the equation of the line ?
-

equation -> 0 = 0
b=0 y = ad
m=2 expression -> 22

getzu -



5) How many different 5-digit numbers can be formed using digits
1, 2 , 3, 4,5, if the number must be odd and the digits cannot repeat?

4 ! X3

=1
[15 +27

↓
↓

1
,
3
,
5

un
I
3 choices



Maths Circle Junior - Vieta's Formulae
-

Vieta's Formula for Quadratics:

fin)=+E = 0
, x = p or v =

q

roofs ->

p &q
=Ea

Tpq= - Ea
↑

Ta= Sridhar Acharya
Formula

1) x- In+10 = 0
,

roots are a and b
,
find a th?

* without finding individual roots
*

a
2

+b = (a +b) - 2ab

= (- ) - 2(i)

= 49 - 20

=a
2) If a and b are roots of2-30th = 0

,
find the quadratic

whose roots areand T * autbatc = o*

Sum
:It t=th product := a =

- ↓
mx+nx + 0

n zu +z = 0

-
2x2 - 34 + 1 = 0



Vieta's Formula for Subics :

f(x) = ac +ba + 23 +d = 0
,
roots are2,, 12 , 43

①- x+ R+z
= - -> Sum of the roofs

② - U
,4 + UK + H

,d = -> Sum of the products of the roots

③ - U
,4,U,

= -A- > product of the roofs

3) the roofs of 43-642+ 11 -6 = 0 are ab,
and C

Find

meta - t =
4) For u3 + 3x2 +3x-1 = 0

,
find +htt for roofs a

,
b
,c ·

+ ===

5)The polynomial 143 + put que ++ =0 has rootsand 3.

Find the equation .

172 +3 = -p | x2+ 2x3+1x3 =

q
(x2x3 =-r

p = -6 q
= 11 r=-6

x3 - 6x2+11x-6 =0

(x -1)(x - z)(x-3) = 0

x3->x* +1(x - 6 =0



tangent -> meets at

~Circle Junior - Geometry one point

1) Two circles with radii 5 and 12 are externally tangent .
A common external tungent

touches the circles at A and B respectively .

Find AB:

i
= 4

s
X 12 E
⑨

7 -xis
rf

7 = 4

·

Y
external tangent

2) Square of side length 10 is rotated about its center by 49 : What is

the area of the overlapping region
between the 2 squares?

=
OCTAGON REGION"

100 - 14 · E (103-5077

= 200-100 %

3) In GABC , AB = AC = 10 ,
BL = 12 .

D is on BC such that AD is altitude .

A circle is inscribed in DABD -
Find its radius .

3 X

inradius
=rea- triangle that 1 . 5 *

semiprimeter
/ circle is 0

inscribed in

X
A

↑

10
10 148 +)

=
12

g 2

(
B

6
D6 C ↳

x8
= 24

inradius = are=

4) A circle has radius 13.
Find the maximum area of a parallelogram

inscribed

in the circle with one side of length 10 .

~ ⑮10 = 24
18

Area = 2 4 . 10 = 248

24

-
is

- ~
a

10

i



5) In right triangle DABC with < C = 90; a circle is inscribed with radius 6 .

Another circle is inscribed in the smaller right triangle formed by altitude S.

Find radius of smaller circle it AB = Cd.

A

&
r = 6

c = 25

a ,
b

,
a

r = a

·>
atb = 37

92 + b2 = 242

(a +b) - (a" +b2) = zab

7
B

C 31 - 79" = Tab

ab = 372

- ab = 186

r . s = 6((

= 6 . 31 = 186

* Carchy-schwarz inequality



#Circle Junior - Coordinate Geometry

A
-X ..

..
...

B(2 ,42)

Y,)

1) The points A(2 ,
3) and B(8

,
11) are the ends of a diameter

of a circle· Find the radius of that circle .

...
-

-

-
-

Y -
-

-
- -

-B
&

A
X(5,77

· B(8 ,11)

&

? = 10

T ou
A(m,y,7 AS2

, 3) 6 (8 ,
37

B[22 , %27 -
radius = 5

d=+ (yc-y,) -> distance formula

-3 -Y
=a

------- --· ..... -

⑨
①

=2 !
-

7= U

TO



- y = 2d

S y
:0

,
U=0

u= 1
, y

=2- x= - 1.5
, y

=-3

I O

↓ G

y
= 2x + 1 Y= mu +b

u = 0
, y

= / y
= nx+ 1· x = 1

, y
= 3 m= 2

x = 1 .5
,y

= -2

·
=L

· (0, 0)

y
= 2x+

y
= 2

relation/equation :

y = ma + b

( ,y) -> coordinates of any point on the line

b = y-intercept
m=ope



y= 2x

----i(,
10 B
-

j4
, 87I

·

(3
,61

:

22.9,97!
&A
(1

,27 i
·

jo
,07

AJa, ,9 ,
) (42 , %2)

m
di= 2

, 4:4 n= 5
, 42= 10

=-
= 2

Y= x y
=

y = mu +b

Y mu

↑ b = 0

1
m=1 m = -

m,
m= 1

My = - 1

↳
(0 ,0)

i y= x



gb
= 0 sm

= - E

2) A line passing through the origin ,
has slope--3

What is the equation of the line perpendicular to it and

also passing through the origin.

y
= - u

↓
b = 0

mo
= - ()
=

F↑
parabola

-



1. A line passes through the points (0,0) and (2,4). What is its slope?

2. Find the length of the diagonal of a rectangle with corners (0,0),(0,6),(8,0),
(8,6).

3. What is the equation of the line that passes through the origin and has slope 
2?

y
= Syst15x2 + 2 + 1 -> whic

Knework

↓ moreproblemso
te

a



1. What is the slope of a line perpendicular to the line with slope 2?

2. A line has equation y=3x+1. Find the slope of a line perpendicular to it.

3. The line through points (0,0) and (4,2) has slope \tfrac{1}{2}. What is the slope 
of a line perpendicular to it?

4. Find the equation of the line that passes through (2,3) and is perpendicular to 
y=2x+5.

5. What is the equation of the line perpendicular to y=-\tfrac{1}{3}x+4 that passes 
through the origin?



~Circle
Junior - Cauchy . Schwarz Inequality

(E) - (Sai)([bi) -
vi=vi

Minimize

I + ,
ury

= 10
17

I
2

!a-> u
, %

- & (airit's ense

bi- y ,

- (a) (2) 193:
-

a

5 j&
=
z

↳.
xy +y3x = my(b +/) = 10ny

-10ny

(2+" =
cu - zay

= 100 - 2ny



x +y = 10

xy225m
= S

, y
= S

+

2) Find maximum of Cusing CS)
2n + y ,

n2+x21S

CS : (ai +a) bi + b
,
:) I la ,

bit adde!

a = x
, a) = y , b

= 2
,b =

(x +y2)(2+ i) -((n + 1y))

5(n2+y = (2x +y)3

(2x +y) = SSS) - 25

2a +y = 5



↑Circle Junior - Combinatorics (2)

1) Two fair 6-sided dice are rolled. What is the probability

that the product is divisible by 6 but not by 9 ?
-

Case 1: 5> 6
# -> 1

,
2,3 ,4,3.
34 i6 + 6 - 1 = 11

Cose 2 : IT
15-4 = 11

2. 2 = 4

11 + 4 = 15
l

27 A bon contains 4 red,blue , and Ogreen balls. Two are drawn
-

without replacement . Given that at least one of the two is green ,
what

-

is the probability that they are both green?

both green: =

↑ JG,) = one of the two
is green

1- P(1,) = no balls are green = 1- x417
5

↑ (AIR)=-
-

E E



3) 7 people sit at a
round table. Two of them refuse to sit next to

each

other. How many distinct seatings
are possible?

⑤A (n -1)!

O (7-17 ! = 720

2x(6 -1)! =2x120 = 240

* B C DEF G

GABCDEF 720 - 240 = 488

FGA R... - -

13



#Circle Junior - Combinatorics

1) How many different 4-digit
numbers can be formed using

the digits 1
,

2
,
3

,
4 if repetition is not allowed?

#x5 xIxT = El
4

27 How many ways can the letters of the

word"LEVEL" be arranged?
-

22's
E M

GE's

Et
=BD

3) How many paths are there from 10 .07 to (5 ,
3) if

only steps Right and Up are allowed?

a

8 possible moves

5 Right ,
3 Up

·
111

r- SR43

----

⑰Ass

·



Homework:

Two fair 6-sided dice are rolled. What is the probability that the product of the two numbers is divisible by 6?

From a group of 8 boys and 7 girls, how many different 5-person teams can be formed that contain at least 2 girls?

Four students sit in a row of 4 seats. Two friends insist on sitting next to each other. How many seatings are possible?

You flip a fair coin 6 times in a row. How many possible outcomes have no two consecutive heads?

4) A bay contains &R
,

4B
,
& 3 G

. If 2 are drawn at

random ,
what is the probability that they are the same?

R: +=
B: = =

1
66

a:x
= is

5) How many
distinct ways are there to seat 6 people around

a circular table?

5 F

FABCE5

(6 - 1) !
= 120

6) What is the probability that when 2 dice are rolled,
the

sum is divisible by 3 ?

I 23453 12 multiples of 3

I 23 45 67
total = 36

2 345678

3456789 =545678910
1 8 9 10 11

38
a 10 11 12



-CircleJunior - Coordinate Geometry Parad

17 the midpoint of a line segment is (3-2) . If one of the

endpoints is (1, 1)
,

find the other endpoint.

n : U %: Y =

x + 7 = 6
y+

= - 4

xz = -1
y

= - 5

endpoint : (-1 , -97

2) A rectangle has2 adjusentsides along vio and you.

Its diagonal lies on the line Butty = 12
. Find rectangle area.

/(a ,3)

~
(4

,3)

↓
(4,07

↑
10 ,

0

3 Line I
,

has equation yearts.

y =ma +b

Line &2 is perpendicular to &
, and passes through (4

,
1).

Find intersection point of 1
,

and 12- ↳ (x
,7)

u =4
, y= /

m , = 2 I
,
= lz

⑧ mz = - 2u+3 = - 20+3

x= 0

&c :

y
= ma +b

y = 3

y
=-En +b

b= 3 #
y

=
- 3473


